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The (semi)leptonic decay and mixing processes of B(s) mesons have been playing a crucial
role in flavour physics. In particular, they contain important information for the investigation
of the b−d unitarity triangle in the Cabibbo-Kobayashi-Maskawa (CKM) matrix, and can be
ideal probes of physics beyond the Standard Model. The charged-current decay channels
B + → l+ νl and B 0 → π − l+ νl , where l+ is a charged lepton with νl being the corresponding
neutrino, are essential in extracting the CKM matrix element |Vub |. Similarly, the B to D(∗)
semileptonic transitions can be used to determine |Vcb |. The flavour-changing neutral current
(FCNC) processes, such as B → K (∗) ℓ+ ℓ− and Bd(s) → ℓ+ ℓ− , occur only beyond the tree level
in weak interactions and are suppressed in the Standard Model. Therefore, these processes
can be sensitive to new physics, since heavy particles can contribute to the loop diagrams.
They are also suitable channels for the extraction of the CKM matrix elements involving the
top quark which can appear in the loop. The decays B → D(∗) ℓν and B → K (∗) ℓℓ can also be
used to test lepton flavour universality by comparing results for ℓ = e, µ and τ . In particular,
anomalies have been seen in the ratios R(D(∗) ) = B(B → D(∗) τ ν)/B(B → D (∗) ℓν)ℓ=e,µ and
R(K (∗) ) = B(B → K (∗) µµ)/B(B → K (∗) ee). In addition, the neutral Bd(s) -meson mixings are
FCNC processes and are dominated by the 1-loop “box” diagrams containing the top quark
0 -meson oscillation
and the W bosons. Thus, using the experimentally measured neutral Bd(s)
frequencies, ∆Md(s) , and the theoretical calculations for the relevant hadronic mixing matrix
elements, one can obtain |Vtd | and |Vts | in the Standard Model.1
Accommodating the light quarks and the b quark simultaneously in lattice-QCD computations is a challenging endeavour. To incorporate the pion and the b hadrons with their physical
masses, the simulations have to be performed using the lattice size L̂ = L/a ∼ O(102 ), where
a is the lattice spacing and L is the physical (dimensionful) box size. The most ambitious
calculations are now using such volumes; however, many ensembles are smaller. Therefore, in
addition to employing Chiral Perturbation Theory for the extrapolations in the light-quark
mass, current lattice calculations for quantities involving b hadrons often make use of effective
theories that allow one to expand in inverse powers of mb . In this regard, two general approaches are widely adopted. On the one hand, effective field theories such as Heavy-Quark
Effective Theory (HQET) and Nonrelativistic QCD (NRQCD) can be directly implemented
in numerical computations. On the other hand, a relativistic quark action can be improved à
la Symanzik to suppress cutoff errors, and then re-interpreted in a manner that is suitable for
heavy-quark physics calculations. This latter strategy is often referred to as the method of the
Relativistic Heavy-Quark Action (RHQA). The utilization of such effective theories inevitably
introduces systematic uncertainties that are not present in light-quark calculations. These
uncertainties can arise from the truncation of the expansion in constructing the effective theories (as in HQET and NRQCD), or from more intricate cutoff effects (as in NRQCD and
1
The neutral B-meson leptonic decays, Bd,s → µ+ µ− , were initially observed at the LHC experiments, and
the corresponding branching fractions were obtained by combining the data from the CMS and the LHCb
collaborations [1], resulting in some tension with the SM prediction. More recently, the LHCb collaboration [2]
has improved the measurement of Bs0 → µ+ µ− and provided a bound on B 0 → µ+ µ− that eliminate the
tension with the SM. Nevertheless, the errors of these experimental results are currently too large to enable a
precise determination of |Vtd | and |Vts |.
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RQHA). They can also be introduced through more complicated renormalization procedures
which often lead to significant systematic effects in matching the lattice operators to their
continuum counterparts. For instance, due to the use of different actions for the heavy and
the light quarks, it is more difficult to construct absolutely normalized bottom-light currents.
Complementary to the above “effective theory approaches”, another popular method is
to simulate the heavy and the light quarks using the same (normally improved) lattice action
at several values of the heavy-quark mass mh with amh < 1 and mh < mb . This enables one
to employ HQET-inspired relations to extrapolate the computed quantities to the physical b
mass. When combined with results obtained in the static heavy-quark limit, this approach
can be rendered into an interpolation, instead of extrapolation, in mh . The discretization
errors are the main source of the systematic effects in this method, and very small lattice
spacings are needed to keep such errors under control.
In recent years, it has also been possible to perform lattice simulations at very fine lattice
spacings and treat heavy quarks as fully relativistic fermions without resorting to effective
field theories. Such simulations are of course very demanding in computing resources.
Because of the challenge described above, the efforts that have been made to obtain
reliable, accurate lattice-QCD results for physics of the b quark have been enormous. These
efforts include significant theoretical progress in formulating QCD with heavy quarks on the
lattice. This aspect is briefly reviewed in Appendix A.1.3.
In this section, we summarize the results of the B-meson leptonic decay constants, the
neutral B-mixing parameters, and the semileptonic form factors, from lattice QCD. To be
focused on the calculations that have strong phenomenological impact, we limit the review
to results based on modern simulations containing dynamical fermions with reasonably light
pion masses (below approximately 500 MeV). There has been significant progress for b-quark
physics since the previous review. There are also a number of calculations that are still in a
preliminary stage. We have made note of some of these in anticipation of later publications,
whose results will contribute to future averages.
Following our review of B(s) -meson leptonic decay constants, the neutral B-meson mixing
parameters, and semileptonic form factors, we then interpret our results within the context of
the Standard Model. We combine our best-determined values of the hadronic matrix elements
with the most recent experimentally-measured branching fractions to obtain |Vub | and |Vcb |,
and compare these results to those obtained from inclusive semileptonic B decays.
Recent lattice-QCD averages for B + - and Bs -meson decay constants were also presented
by the Particle Data Group (PDG) in Ref. [3]. The PDG three- and four-flavour averages for
these quantities differ from those quoted here because the PDG provides the charged-meson
decay constant fB + , while we present the isospin-averaged meson-decay constant fB .

8.1

Leptonic decay constants fB and fBs

The B- and Bs -meson decay constants are crucial inputs for extracting information from
leptonic B decays. Charged B mesons can decay to the lepton-neutrino final state through
the charged-current weak interaction. On the other hand, neutral Bd(s) mesons can decay to
a charged-lepton pair via a flavour-changing neutral current (FCNC) process.
In the Standard Model the decay rate for B + → ℓ+ νℓ is described by a formula identical
to Eq. (159), with D(s) replaced by B, and the relevant CKM matrix element Vcq replaced by
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The only charged-current B-meson decay that has been observed so far is B + → τ + ντ , which
has been measured by the Belle and Babar collaborations [4, 5]. Both collaborations have
reported results with errors around 20%. These measurements can be used to determine |Vub |
when combined with lattice-QCD predictions of the corresponding decay constant.
Neutral Bd(s) -meson decays to a charged-lepton pair Bd(s) → l+ l− is a FCNC process, and
can only occur at one loop in the Standard Model. Hence these processes are expected to be
rare, and are sensitive to physics beyond the Standard Model. The corresponding expression
for the branching fraction has the form
r
³
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∗
2 2
2
+ −
α
mBq fBq |Vtb Vtq | mℓ 1 − 4 m2ℓ ,
B(Bq → ℓ ℓ ) = τBq π Y 4π sin2 Θ
(192)
W

B

where the light quark q = s or d, and the function Y includes NLO QCD and electro-weak
corrections [6, 7]. Evidence for both Bs → µ+ µ− and Bs → µ+ µ− decays was first observed
by the CMS and the LHCb collaborations, and a combined analysis was presented in 2014 in
Ref. [1]. In 2017, the LHCb collaboration reported their latest measurements as [2]
+1.2+0.2
B(Bd → µ+ µ− ) = (1.5−1.0−0.1
) 10−10 ,

−9
B(Bs → µ+ µ− ) = (3.0 ± 0.6+0.3
−0.2 ) 10 ,

(193)

which are compatible with the Standard Model predictions [8].
The decay constants fBq (with q = u, d, s) parameterize the matrix elements of the corresponding axial-vector currents Aµbq = b̄γ µ γ 5 q analogously to the definition of fDq in Sec. 7.1:
h0|Aµ |Bq (p)i = ipµB fBq .

(194)

For heavy-light mesons, it is convenient to define and analyse the quantity
√
ΦBq ≡ fBq mBq ,

(195)

which approaches a constant (up to logarithmic corrections) in the mB → ∞ limit because
of the heavy-quark symmetry. In the following discussion we denote lattice data for Φ(f ) obtained at a heavy-quark mass mh and light valence-quark mass mℓ as Φhℓ (fhl ), to differentiate
them from the corresponding quantities at the physical b- and light-quark masses.
The SU (3)-breaking ratio fBs /fB is of phenomenological interest. This is because in
lattice-QCD calculations for this quantity, many systematic effects can be partially reduced.
These include discretization errors, heavy-quark mass tuning effects, and renormalization/
matching errors, amongst others. On the other hand, this SU (3)-breaking ratio is still sensitive to the chiral extrapolation. Given that the chiral extrapolation is under control, one
can then adopt fBs /fB as input in extracting phenomenologically-interesting quantities. In
addition, it often happens to be easier to obtain lattice results for fBs with smaller errors.
Therefore, one can combine the Bs -meson decay constant with the SU (3)-breaking ratio to
calculate fB . Such a strategy can lead to better precision in the computation of the B-meson
decay constant, and has been adopted by the ETM [9, 10] and the HPQCD collaborations [11].
It is clear that the decay constants for charged and neutral B mesons play different roles
in flavour-physics phenomenology. As already mentioned above, the knowledge of the B + meson decay constant fB + is essential for extracting |Vub | from leptonic B + decays. The
3
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neutral B-meson decay constants fB 0 and fBs are inputs for the search of new physics in rare
leptonic B 0 decays. In view of this, it is desirable to include isospin-breaking effects in lattice
computations for these quantities, and have results for fB + and fB 0 . With the increasing
precision of recent lattice calculations, isospin splittings for B-meson decay constants are
significant, and will play an important role in the foreseeable future. A few collaborations
reported fB + and fB 0 separately by taking into account strong isospin effects in the valence
sector, and estimated the corrections from electromagnetism. To properly use these results
for extracting phenomenologically relevant information, one would have to take into account
QED effects in the B-meson leptonic decay rates.2 Currently, errors on the experimental
measurements on these decay rates are still very large. In this review, we will then concentrate
on the isospin-averaged result fB and the Bs -meson decay constant, as well as the SU (3)breaking ratio fBs /fB . For the world average for lattice determination of fB + and fBs /fB + ,
we refer the reader to the latest work from the Particle Data Group (PDG) [3]. Notice that
the Nf = 2 + 1 lattice results used in Ref. [3] and the current review are identical. We will
discuss this in further detail at the end of this subsection.
The status of lattice-QCD computations for B-meson decay constants and the SU (3)breaking ratio, using gauge-field ensembles with light dynamical fermions, is summarized in
Tabs. 34 and 35, while Figs. 25 and 26 contain the graphical presentation of the collected
results and our averages. Many results in these tables and plots were already reviewed in
detail in the previous FLAG report. Below we will describe the new results that appeared
after January 2016.
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Figure 23: Decay constants of the B and Bs mesons. The values are taken from Tab. 34 (the
fB entry for FNAL/MILC 11 represents fB + ). The significance of the colours is explained in
Sec. 2. The black squares and grey bands indicate our averages in Eqs. (195), (198), (201),
(196), (199) and (202).
No new Nf = 2 and Nf = 2+ 1 project for computing fB , fBs and fBs /fB were completed
after the publication of the previous FLAG review [33]. Therefore, our averages for these cases
2

See Ref. [12] for a strategy that has been proposed to account for QED effects.

4

Updated Dec. 2020

FLAG Review 2019

Collaboration

Ref. Nf

pu
b
c o n lic a t
t i io n
chi nuum stat
ra
e us
fin l ext xtra
ra p p o
it e
ren volu olat latio
io n n
m
or
h e m a li e
av
z
y-q atio
n
ua
r k / ma
t
tre
atm ching
ent

S. Aoki et al.

FNAL/MILC 17
HPQCD 17A
ETM 16B
ETM 13E
HPQCD 13

[13]
[14]
[10]
[15]
[16]

2+1+1
2+1+1
2+1+1
2+1+1
2+1+1

A
A
A
C
A

RBC/UKQCD 14
RBC/UKQCD 14A
RBC/UKQCD 13A
HPQCD 12
HPQCD 12
HPQCD 11A
FNAL/MILC 11
HPQCD 09

[17]
[18]
[19]
[11]
[11]
[20]
[21]
[22]

2+1
2+1
2+1
2+1
2+1
2+1
2+1
2+1

A ◦
A ◦
C ◦
A ◦
A ◦
A ⋆
A ◦
A ◦

2
2
2
2
2
2
2
2

A
C
A
C
C
C
A
A

ALPHA 14
ALPHA 13
ETM 13B, 13C†
ALPHA 12A
ETM 12B
ALPHA 11
ETM 11A
ETM 09D

[23]
[24]
[9, 25]
[26]
[27]
[28]
[29]
[30]
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fB +

fB 0

fB

fBs

X
X
X
X
X

189.4(1.4)
−
−
−
184(4)

190.5(1.3)
−
−
−
188(4)

189.9(1.4)
196(6)
193(6)
196(9)
186(4)

230.7(1.2)
236(7)
229(5)
235(9)
224(5)

⋆ ⋆
⋆ ◦

X
X
X
X
X
X
X
X

195.6(14.9)
−
−
−
−
−
197(9)
−

199.5(12.6)
−
−
−
−
−
−
−

−
219(31)
191(6)⋄stat
191(9)
189(4)△
−
−
190(13)•

235.4(12.2)
264(37)
233(5)⋄stat
228(10)
−
225(4)∇
242(10)
231(15)•

⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆
⋆ ◦ ⋆ ◦
⋆ ⋆ ⋆ ⋆
⋆ ◦ ⋆ ◦
⋆ ◦ ⋆ ⋆
◦ ◦ ⋆ ◦

X
X
X
X
X
X
X
X

−
−
−
−
−
−
−
−

−
−
−
−
−
−
−
−

186(13)
187(12)(2)
189(8)
193(9)(4)
197(10)
174(11)(2)
195(12)
194(16)

224(14)
224(13)
228(8)
219(12)
234(6)
−
232(10)
235(12)

⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ◦
⋆ ◦ ◦ ◦
⋆ ◦ ◦ ◦
⋆ ⋆ ⋆ ◦

◦
◦
◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦

◦
◦
◦
◦
◦

◦ ◦

◦ ◦ ◦ ◦

⋄

Statistical errors only.
Obtained by combining fBs from HPQCD 11A with fBs /fB calculated in this work.
∇
This result uses one ensemble per lattice spacing with light to strange sea-quark mass ratio mℓ /ms ≈ 0.2.
•
This result uses an old determination of r1 = 0.321(5) fm from Ref. [31] that has since been superseded.
†
Update of ETM 11A and 12B.
△

Table 34: Decay constants of the B, B + , B 0 and Bs mesons (in MeV). Here fB stands
for the mean value of fB + and fB 0 , extrapolated (or interpolated) in the mass of the light
valence-quark to the physical value of mud .
stay the same as those in Ref. [33],
Nf = 2 :

fB = 188(7) MeV

Refs. [9, 23],

(196)

Nf = 2 :

fBs = 227(7) MeV
fB s
= 1.206(0.023)
fB

Refs. [9, 23],

(197)

Refs. [9, 23],

(198)

Nf = 2 :
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[15]
[16]
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2+1+1

A
A
A
C
A

⋆
⋆
⋆
⋆
⋆

⋆
⋆

⋆
⋆

RBC/UKQCD 14
RBC/UKQCD 14A
RBC/UKQCD 13A
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RBC/UKQCD 10C
HPQCD 09

[17]
[18]
[19]
[11]
[21]
[32]
[22]

2+1
2+1
2+1
2+1
2+1
2+1
2+1

A
A
C
A
A
A
A

◦
◦
◦
◦
◦

◦
◦
◦
◦
◦

◦
◦
◦
◦

2
2
2
2
2
2

A
C
A
C
C
A

⋆
⋆

⋆
⋆
⋆
⋆
⋆
⋆

ALPHA 14
ALPHA 13
ETM 13B, 13C†
ALPHA 12A
ETM 12B
ETM 11A

⋄
†
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fBs /fB +

fBs /fB 0

fBs /fB

X
X
X
X
X

1.2180(49)
−
−
−
1.217(8)

1.2109(41)
−
−
−
1.194(7)

−
1.207(7)
1.184(25)
1.201(25)
1.205(7)

◦
◦
◦
◦
⋆ ◦
¥ ¥ ¥ ◦
◦ ◦ ◦ ◦

X
X
X
X
X
X
X

1.223(71)
−
−
−
1.229(26)
−
−

1.197(50)
−
−
−
−
−
−

−
1.193(48)
1.20(2)⋄stat
1.188(18)
−
1.15(12)
1.226(26)

⋆
⋆
⋆
⋆
⋆

X
X
X
X
X
X

−
−
−
−
−
−

⋆

◦
◦ ◦ ◦
◦ ◦ ◦
⋆ ⋆ ◦

◦

⋆

◦
◦ ◦

⋆
⋆

◦

⋆

◦
◦

−
−
−
−
−
−

1.203(65)
1.195(61)(20)
1.206(24)
1.13(6)
1.19(5)
1.19(5)

Statistical errors only.
Update of ETM 11A and 12B.

Table 35: Ratios of decay constants of the B and Bs mesons (for details see Tab. 34).

Nf = 2 + 1 :

fB = 192.0(4.3) MeV

Refs. [11, 17, 18, 20, 21],

(199)

Nf = 2 + 1 :

fBs = 228.4(3.7) MeV
fB s
= 1.201(0.016)
fB

Refs. [11, 17, 18, 20, 21],

(200)

Refs. [11, 17, 18, 21].

(201)

Nf = 2 + 1 :

There have been results for fB(s) and fBs /fB from three collaborations, ETMC, HPQCD
and FNAL/MILC since the last FLAG report. In Tabs. 34 and 35, these results are labelled
ETM 16B [10], HPQCD 17A [14] and FNAL/MILC 17 [13].
In ETM 16B [10], simulations at three values of lattice spacing, a = 0.0885, 0.0815 and
0.0619 fm are performed with twisted-mass Wilson fermions and the Iwasaki gauge action.
The three lattice spacings correspond to the bare couplings β = 1.90, 1.95 and 2.10. The pion
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𝖿𝖡𝗌 /𝖿𝖡

𝖭𝖿 =𝟤 +𝟣
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RBC/UKQCD 14A
RBC/UKQCD 13A (stat. err. only)
HPQCD 12
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RBC/UKQCD 10C
HPQCD 09

𝖭𝖿 =𝟤

our average for 𝖭𝖿 =𝟤 +𝟣 +𝟣
FNAL/MILC 17 1
FNAL/MILC 17 2
HPQCD 17A
ETM 16B
ETM 13E
HPQCD 13

our average for 𝖭𝖿 =𝟤
ALPHA 14
ALPHA 13
ETM 13B, 13C
ALPHA 12A
ETM 12B
ETM 11A

1.10 1.15 1.20 1.25
Figure 24: Ratio of the decay constants of the B and Bs mesons. The values are taken from
Tab. 35. Results labelled as FNAL/MILC 17 1 and FNAL/MILC 17 2 correspond to those
for fBs /fB 0 and fBs /fB + reported in FNAL/MILC 17. The significance of the colours is
explained in Sec. 2. The black squares and grey bands indicate our averages in Eqs. (197),
(200) and (203).

masses in this work range from 210 to 450 MeV, and the lattice sizes are between 1.97 and 2.98
fm. An essential feature in ETM 16B [10] is the use of the ratio method [30]. In the application
of this approach to the B-decay constants, one first computes the quantity Fhq ≡ fhq /Mhq ,
where fhq and Mhq are decay constant and mass of the pseudoscalar meson composed of valence (relativistic) heavy quark h and light (or strange) quark q. The matching between the
lattice and the continuum heavy-light currents for extracting the above fhq is straightforward
because the valence heavy quark is also described by twisted-mass fermions. In the second
′
stat (µ̄(h′ ) )(µ(h) )3/2 ]/[F ′ C stat (µ̄(h) )(µ(h ) )3/2 ] is calculated,
step, the ratio zq (µ̄(h) , λ) ≡ [Fhq CA
hq A
pole
pole
(h)

where µpole is the pole mass of the heavy quark h with µ̄(h) being the corresponding renorstat (µ̄(h) ) is the
malized mass in a scheme (chosen to be the MS scheme in ETM 16B [10]), CA
matching coefficient for the (hq)-meson decay constant in QCD and its counterpart in HQET,
′
and µ̄(h) = λµ̄(h ) with λ being larger than, but close to, one. The authors of ETM 16B [10]
stat (µ̄(h) ) in their work. Notice that in practice one
use the NNLO perturbative result of CA
never has to determine the heavy-quark pole mass in this strategy, since it can be matched to
the MS mass, and the matching coefficient is known to NNNLO [34–36]. By starting from a
“triggering” point with the heavy-quark mass around that of the charm, one can proceed with
the calculations in steps, such that µ̄(h) is increased by a factor of λ at each step. In ETM
16B [10], the authors went up to heavy-quark mass around 3.3 GeV, and observed that all
systematics were under control. In this approach, it is also crucial to employ the information
7
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that zq (µ̄(h) , λ) → 1 in the limit µ̄(h) → ∞. Designing the computations in such a way that in
the last step, µ̄(h) is equal to the pre-determined bottom-quark mass in the same renormalization scheme, one obtains fB(s) /MB(s) . Employing experimental results for MB(s) , the decay
constants can be extracted. In ETM 16B [10], this strategy was implemented to compute fBs .
It was also performed for a double ratio to determine (fBs /fB )/(fK /fπ ), hence fBs /fB , using
information of fK /fπ from Ref. [37]. This double ratio leads to the advantage that it contains
small coefficients for chiral logarithms. The B-meson decay constant is then computed with
fB = fBs /(fBs /fB ). The authors estimated various kinds of systematic errors in their work.
These include discretization errors, the effects of perturbative matching between QCD and
HQET, those of chiral extrapolation, and errors associate with the value of fK /fπ .
The authors of HPQCD 17A [14] reanalysed the data in Ref. [16] (HPQCD 13 in Tabs. 34
and 35) employing a different method for computing B-decay constants with NRQCD heavy
quarks and HISQ light quarks on the lattice. The NRQCD action used in this work is improved
to O(αs vb4 ), where vb is the velocity of the b quark. In Ref. [16], the determination of the decay
constants is carried out through studying matrix elements of axial currents. On the other
hand, the same decay constants can be obtained by investigating (mb + ml )h0|P |Bi, where mb
(ml ) is the b- (light-)quark mass and P stands for the pseudoscalar current. The matching
of this pseudoscalar current between QCD and NRQCD is performed at the precision of
O(αs ), O(αs ΛQCD /mb ) and O(αs aΛQCD ), using lattice perturbation theory. This requires
the inclusion of three operators in the NRQCD-HISQ theory. The gauge configurations used
in this computation were part of those generated by the MILC collaboration, with details
given in Ref. [38]. They are the ensembles obtained at three values of bare gauge coupling
(β = 6.3, 6.0 and 5.8), corresponding to lattice spacings, determined using the Υ(2S − 1A)
splitting, between 0.09 and 0.15 fm. Pion masses are between 128 and 315 MeV. For each
lattice spacing, the MILC collaboration performed simulations at several lattice volumes, such
that Mπ L lies between 3.3 and 4.5 for all the data points. This ensures that the finite-size
effects are under control [39]. On each ensemble, the bare NRQCD quark mass is tuned to the
b-quark mass using the spin-average for the masses Υ and ηb . In this work, a combined chiralcontinuum extrapolation is performed, with the strategy of using Bayesian priors as explained
in Ref. [40]. Systematic effects estimated in HPQCD 17A [14] include those from latticespacing dependence, the chiral fits, the B−B ∗ −π axial coupling, the operator matching, and
the relativistic corrections to the NRQCD formalism. Although these errors are estimated in
the same fashion as in Ref. [16] (HPQCD 13), most of them involve the handling of fits to
the actual data. This means that most of the systematics effects from HPQCD 13 [16] and
HPQCD 17A [14] are not correlated, although the two calculations are performed on exactly
the same gauge field ensembles. The only exception is the error in the relativistic corrections.
For this, the authors simply take (ΛQCD /mb )2 ≈ 1% as the estimation in both computations.
Therefore, we will correlate this part of the systematic effects in our average.3
The third new calculation for the B-meson decay constants since the last FLAG report
was performed by the FNAL/MILC collaboration (FNAL/MILC 17 [13] in Tabs. 34 and 35).
In this work, Ref. [13], the simulations are performed for six lattice spacings, ranging from
0.03 to 0.15 fm. For the two finest lattices (a = 0.042 and 0.03 fm), it is found that the
topological charge is not well equilibrated. The effects of this nonequilibration are estimated
using results of chiral perturbation theory in Ref. [41]. Another feature of the simulations is
3
Following the guideline in Sec. 2.3, these systematic errors are assumed to be 100% correlated. It should
be noted that this correlation cannot be taken at face value.
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that both RHMC and RHMD algorithms are used. The authors investigated the effects of
omitting the Metropolis test in the RHMD simulations by examining changes of the plaquette
values, and found that they do not result in any variation with statistical significance. The
light-quark masses used in this computation correspond to pion masses between 130 to 314
MeV. The values of the valence heavy-quark mass mh are in the range of about 0.9 and
5 times the charm-quark mass. Notice that on the two coarsest lattices, the authors only
implement calculations at mh ∼ mc in order to avoid uncontrolled discretization errors, while
only on the two finest lattices, is mh chosen to be as high as ∼ 5mc . For setting the scale and
the quark masses, the approach described in Ref. [42] is employed, with the special feature
of using the decay constant of the “fictitious” meson that is composed of degenerate quarks
with mass mp4s = 0.4ms . The overall scale is determined by comparing fπ to its PDG
average as reported in Ref. [3]. In the analysis procedure of extrapolating/interpolating to
the physical quark masses and the continuum limit, the key point is the use of heavy-meson
rooted all-staggered chiral perturbation theory (HMrAχPT) [43]. In order to account for
lattice artifacts and the effects of the heavy-quark mass in this chiral expansion, appropriate
polynomial terms in a and 1/mh are included in the fit formulae. The full NLO terms in the
chiral effective theory are incorporated in the analysis, while only the analytic contributions
from the NNLO are considered. Furthermore, data obtained at the coarsest lattice spacing,
a ≈ 0.15 fm, are discarded for the central-value fits, and are subsequently used only for the
estimation of systematic errors. In this analysis strategy, there are 60 free parameters to
be determined by about 500 data points. Systematic errors estimated in FNAL/MILC 17
include excited-state contamination, choices of fit models with different sizes of the priors,
scale setting, quark-mass tuning, finite-size correction, electromagnetic (EM) contribution,
and topological nonequilibration. The dominant effects are from the first two in this list. For
the EM effects, the authors also include an error associated with choosing a specific scheme
to estimate their contributions.
In our current work, the averages for fBs , fB 0 and fBs /fB 0 with Nf = 2 + 1 + 1 lattice simulations are updated, because of the three published papers (FNAL/MILC 17 [13],
HPQCD 17A [14] and ETM 16B [10] in Tabs. 34 and 35) that appeared after the release of
the last FLAG review [33]. In the updated FLAG averages, we include results from these
three new computations, as well as those in HPQCD 13 [16]. Since the decay constants presented in HPQCD 13 [16], HPQCD 17A [14] and FNAL/MILC 17 have been extracted with
a significant overlap of gauge-field configurations, we correlate statistical errors from these
works. Furthermore, as explained above, the systematic effects arising from relativistic corrections in HPQCD 13 [16] and HPQCD 17A [14] are correlated. Notice that the authors of
FNAL/MILC 17 [13] computed fBs /fB + and fBs /fB 0 without performing an isospin average
to obtain fBs /fB . This is the reason why in Fig. 26 we show two results, FNAL/MILC 17
1 (fBs /fB 0 ) and FNAL/MILC 17 2 (fBs /fB + ), from this reference. To determine the global
average for fBs /fB , we first perform the average of fBs /fB + and fBs /fB 0 in FNAL/MILC
17 [13] by following the procedure in Sec. 2, with all errors correlated. This gives us the
estimate of fBs /fB from this work by the FNAL/MILC collaboration.
Following the above strategy, and the procedure explained in Sec. 2, we compute the
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average of Nf = 2 + 1 + 1 results for fB(s) and fBs /fB ,
Nf = 2 + 1 + 1 :

fB = 190.0(1.3) MeV

Refs. [10, 13, 14, 16],

(202)

Nf = 2 + 1 + 1 :

fBs = 230.3(1.3) MeV
fB s
= 1.209(0.005)
fB

Refs. [10, 13, 14, 16],

(203)

Refs. [10, 13, 14, 16].

(204)

Nf = 2 + 1 + 1 :

The PDG presented their averages for the Nf = 2 + 1 and Nf = 2 + 1 + 1 lattice-QCD
determinations of fB + , fBs and fBs /fB + in 2015 [3]. The Nf = 2 + 1 lattice-computation
results used in Ref. [3] are identical to those included in our current work. Regarding our
isospin-averaged fB as the representative for fB + , then the current FLAG and PDG estimations for these quantities are compatible, although the errors of Nf = 2 + 1 + 1 results in
this report are significantly smaller. In the PDG work, they “corrected” the isospin-averaged
fB , as reported by various lattice collaborations, using the Nf = 2 + 1 + 1 strong isospinbreaking effect computed in HPQCD 13 [16] (see Tab. 34 in this subsection). However, since
only unitary points (with equal sea- and valence-quark masses) were considered in HPQCD
13 [16], this procedure only correctly accounts for the effect from the valence-quark masses,
while introducing a spurious sea-quark contribution. We notice that fB + and fB 0 are also
separately reported in FNAL/MILC 17 [13] by taking into account the strong-isospin effect,
and it is found that these two decay constants are well compatible. Notice that the new
FNAL/MILC results were obtained by properly keeping the averaged light sea-quark mass
fixed when varying the quark masses in their analysis procedure. Their finding indicates that
the strong isospin-breaking effects could be smaller than what was suggested by previous
computations.

8.2

Neutral B-meson mixing matrix elements

Neutral B-meson mixing is induced in the Standard Model through 1-loop box diagrams to
lowest order in the electroweak theory, similar to those for short-distance effects in neutral
kaon mixing. The effective Hamiltonian is given by
2
G2F MW
(Fd0 Qd1
16π 2

∆B=2,SM
Heff
=

with

+ Fs0 Qs1 ) + h.c. ,

(205)

¤
¤£
£
Qq1 = b̄γµ (1 − γ5 )q b̄γµ (1 − γ5 )q ,

(206)

λtq = Vtq∗ Vtb ,

(208)

Fq0

where q = d or s. The short-distance function
in Eq. (204) is much simpler compared to
the kaon mixing case due to the hierarchy in the CKM matrix elements. Here, only one term
is relevant,
Fq0 = λ2tq S0 (xt )
(207)
where

2 , which describes the basic
and where S0 (xt ) is an Inami-Lim function with xt = m2t /MW
electroweak loop contributions without QCD [6]. The transition amplitude for Bq0 with q = d
or s can be written as
i
h
2
G2F MW
∆B=2
2
hB̄q0 |Heff
|Bq0 i = 16π
λ
S
(x
)η
2
tq 0 t 2B
¶¾
½ Z ḡ(µ)
µ
´
³
2 −γ0 /(2β0 )
γ(g)
γ0
hB̄q0 |QqR (µ)|Bq0 i + h.c. , (209)
exp
dg
+
× ḡ(µ)
4π
β0 g
β(g)
0
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where QqR (µ) is the renormalized four-fermion operator (usually in the NDR scheme of MS).
The running coupling ḡ, the β-function β(g), and the anomalous dimension of the four-quark
operator γ(g) are defined in Eqs. (138) and (139). The product of µ-dependent terms on the
second line of Eq. (208) is, of course, µ-independent (up to truncation errors arising from the
use of perturbation theory). The explicit expression for the short-distance QCD correction
factor η2B (calculated to NLO) can be found in Ref. [44].
For historical reasons the B-meson mixing matrix elements are often parameterized in
terms of bag parameters defined as
BBq (µ) =

hB̄q0 |QqR (µ)|Bq0 i
8 2
2
3 fBq mB

.

(210)

The RGI B parameter B̂ is defined as in the case of the kaon, and expressed to 2-loop order
as
¾
³
´−γ0 /(2β0 ) ½
ḡ(µ)2 h β1 γ0 −β0 γ1 i
ḡ(µ)2
1+
B̂Bq = 4π
(211)
BBq (µ) ,
2β02
(4π)2
with β0 , β1 , γ0 , and γ1 defined in Eq. (140). Note, as Eq. (208) is evaluated above the bottom
threshold (mb < µ < mt ), the active number of flavours here is Nf = 5.
Nonzero transition amplitudes result in a mass difference between the CP eigenstates of
the neutral B-meson system. Writing the mass difference for a Bq0 meson as ∆mq , its Standard
Model prediction is
∆mq =

G2F m2W mBq
6π 2

|λtq |2 S0 (xt )η2B fB2 q B̂Bq .

(212)

Experimentally the mass difference is measured as oscillation frequency of the CP eigenstates.
The frequencies are measured precisely with an error of less than a percent. Many different
experiments have measured ∆md , but the current average [45] is based on measurements from
the B-factory experiments Belle and Babar, and from the LHC experiment LHCb. For ∆ms
the experimental average is dominated by results from LHCb [45]. With these experimental
results and lattice-QCD calculations of fB2 q B̂Bq at hand, λtq can be determined. In latticeQCD calculations the flavour SU (3)-breaking ratio
ξ2 =

2 B
fB
s Bs
2
fB BBd

(213)

d

can be obtained more precisely than the individual Bq -mixing matrix elements because statistical and systematic errors cancel in part. With this the ratio |Vtd /Vts | can be determined,
which can be used to constrain the apex of the CKM triangle.
Neutral B-meson mixing, being loop-induced in the Standard Model, is also a sensitive
probe of new physics. The most general ∆B = 2 effective Hamiltonian that describes contributions to B-meson mixing in the Standard Model and beyond is given in terms of five local
four-fermion operators:
5
X X
∆B=2
(214)
Ci Qqi ,
Heff,BSM
=
q=d,s i=1

where Q1 is defined in Eq. (205) and where
i
ih
h
¤
¤£
£
Qq3 = b̄α (1 − γ5 )q β b̄β (1 − γ5 )q α ,
Qq2 = b̄(1 − γ5 )q b̄(1 − γ5 )q ,
h
ih
i
£
¤£
¤
Qq5 = b̄α (1 − γ5 )q β b̄β (1 + γ5 )q α ,
Qq4 = b̄(1 − γ5 )q b̄(1 + γ5 )q ,
11
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with the superscripts α, β denoting colour indices, which are shown only when they are contracted across the two bilinears. There are three other basis operators in the ∆B = 2 effective
Hamiltonian. When evaluated in QCD, however, they give identical matrix elements to the
ones already listed due to parity invariance in QCD. The short-distance Wilson coefficients
Ci depend on the underlying theory and can be calculated perturbatively. In the Standard
Model only matrix elements of Qq1 contribute to ∆mq , while all operators do, for example,
for general SUSY extensions of the Standard Model [46]. The matrix elements or bag parameters for the non-SM operators are also useful to estimate the width difference in the
Standard Model, where combinations of matrix elements of Qq1 , Qq2 , and Qq3 contribute to
∆Γq at O(1/mb ) [47, 48].
In this section, we report on results
calculations for the neutral B-meson
q
q from lattice-QCD

mixing parameters B̂Bd , B̂Bs , fBd B̂Bd , fBs B̂Bs and the SU (3)-breaking ratios BBs /BBd
and ξ defined in Eqs. (209), (210), and (212). The results are summarized in Tabs. 36 and 37
and in Figs. 27 and 28. Additional details about the underlying simulations and systematic
error estimates are given in Appendix B.6.2. Some collaborations do not provide the RGI
quantities B̂Bq , but quote instead BB (µ)M S,N DR . In such cases we convert the results to the
RGI quantities quoted in Tab. 36 using Eq. (210). More details on the conversion factors are
provided below in the descriptions of the individual results. We do not provide the B-meson
matrix elements of the other operators Q2−5 in this report. They have been calculated in
Ref. [9] for the Nf = 2 case and in Refs. [49, 50] for Nf = 2 + 1.

𝖿𝖡𝗌 √ 𝖡̂ 𝖡𝗌

𝖡̂ 𝖡̂

𝖡̂ 𝖡𝗌

FLAG average for 𝖭𝖿 =𝟤 +𝟣

FLAG average for 𝖭𝖿 =𝟤 +𝟣

FNAL/MILC 16

FNAL/MILC 16

𝖭𝖿 =𝟤 +𝟣

𝖭𝖿 =𝟤 +𝟣

𝖿𝖡𝖽 √ 𝖡̂ 𝖡𝖽

RBC/UKQCD 14A
HPQCD 09
HPQCD 06A

𝖭𝖿 =𝟤 +𝟣

FNAL/MILC 11 A

RBC/UKQCD 14A
HPQCD 09
HPQCD 06A
FLAG average for 𝖭𝖿 =𝟤

ETM 13B

180 220 260

𝖭𝖿 =𝟤

𝖭𝖿 =𝟤

𝖭𝖿 =𝟤

FLAG average 𝖭𝖿 =𝟤

ETM 13B
ETM 12A,12B

220 260 300 MeV

1.0

1.2

1.4

1.0

1.2

1.4

Figure 25: Neutral B- and Bs -meson mixing matrix elements and bag parameters [values in
Tab. 36 and Eqs. (215), (218), (216), (219)].
There are no new results for Nf = 2 reported after the previous FLAG review. In this
category one work (ETM 13B) [9] passes the quality criteria. A description of this work can
be found in the FLAG 13 review [53] where it did not enter the average as it had not appeared
in a journal. Because this is the only result available for Nf = 2, we quote their values as our
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Collaboration

Ref. Nf

FNAL/MILC 16
RBC/UKQCD 14A
FNAL/MILC 11A
HPQCD 09
HPQCD 06A

[50] 2+1 A ⋆ ◦ ⋆
[18] 2+1 A ◦ ◦ ◦
[49] 2+1 C ⋆ ◦ ⋆
[22] 2+1 A ◦ ◦ ∇ ◦
[51] 2+1 A ¥ ¥ ⋆

ETM 13B
ETM 12A, 12B
⊙
†
∇

∗

⋄

[9] 2 A ⋆
[27, 52] 2 C ⋆

f Bd

◦X
◦X
◦X
◦X
◦X

◦ ◦⋆X
◦ ◦⋆X

q

B̂Bd

1902.08191

f Bs

q
B̂Bs

B̂Bd

B̂Bs

227.7(9.5) 274.6(8.4) 1.38(12)(6)⊙ 1.443(88)(48)⊙
240(15)(33) 290(09)(40) 1.17(11)(24) 1.22(06)(19)
250(23)†
291(18)†
−
−
∗
216(15)
266(18)∗
1.27(10)∗
1.33(6)∗
−
281(21)
−
1.17(17)
216(6)(8)
−

262(6)(8)
−

1.30(5)(3)
1.32(8)⋄

1.32(5)(2)
1.36(8)⋄

PDG averages of decay constant fB 0 and fBs [3] are used to obtain these values.
2
Reported fB
B at µ = mb is converted to RGI by multiplying the 2-loop factor 1.517.
While wrong-spin contributions are not included in the HMrSχPT fits, the effect is expected to be
small for these quantities (see description in FLAG 13 [53]).
This result uses an old determination of r1 = 0.321(5) fm from Ref. [31] that has since been superseded, which however has only a small effect in the total error budget (see description in FLAG 13 [53]) .
Reported B at µ = mb = 4.35 GeV is converted to RGI by multiplying the 2-loop factor 1.521.

Table 36: Neutral B- and Bs -meson mixing matrix elements (in MeV) and bag parameters.

averages in this version:
q
fBd B̂bd = 216(10) MeV
Nf = 2 :

fB s

B̂Bd = 1.30(6)

ξ = 1.225(31)

q
B̂Bs = 262(10) MeV
B̂Bs = 1.32(5)

BBs /BBd = 1.007(21)

Ref. [9],

(216)

Ref. [9],

(217)

Ref. [9].

(218)

For the Nf = 2 + 1 case the FNAL/MILC collaboration reported their new results on the
neutral B-meson mixing parameters in 2016. As the paper [50] appeared after the closing
date of FLAG 16 [33], the results had not been taken into our average then. However, the
subsequent web update of FLAG took the results into the average, and was made public in
November 2017.
Their estimate of the B 0 − B 0 mixing matrix elements are far improved compared to their
older ones as well as all the prior Nf = 2 + 1 results. Hence, including the new FNAL/MILC
results makes our averages much more precise. The study uses the asqtad action for light
quarks and the Fermilab action for the b quark. They use MILC asqtad ensembles spanning
four lattice spacings in the range a ≈ 0.045 − 0.12 fm and RMS pion mass of 257 MeV as the
lightest. The lightest Goldstone pion of 177 MeV, at which the RMS mass is 280 MeV, helps
constraining the combined chiral and continuum limit analysis with the HMrSχPT (heavymeson rooted-staggered chiral perturbation theory) to NLO with NNLO analytic terms using
13
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FNAL/MILC 16
RBC/UKQCD 14A
FNAL/MILC 12
RBC/UKQCD 10C
HPQCD 09

[50]
[18]
[54]
[32]
[22]

2+1
2+1
2+1
2+1
2+1

A
A
A
A
A

⋆

2
2

A
C

ETM 13B
ETM 12A, 12B
⊙
∇

[9]
[27, 52]

BBs /BBd

ξ

◦
◦
◦

⋆

◦
◦

◦

¥

¥

◦

◦∇ ◦

⋆
⋆

◦
◦

⋆
¥

◦
◦

◦
◦
◦
◦
◦

X
X
X
X
X

1.206(18)
1.208(41)(52)
1.268(63)
1.13(12)
1.258(33)

1.033(31)(26)⊙
1.028(60)(49)
1.06(11)
−
1.05(7)

⋆
⋆

X
X

1.225(16)(14)(22)
1.21(6)

1.007(15)(14)
1.03(2)

PDG average of the ratio of decay constants fBs /fB 0 [3] is used to obtain the value.
Wrong-spin contributions are not included in the HMrSχPT fits. As the effect may not be negligible,
these results are excluded from the average (see description in FLAG 13 [53]).

Table 37: Results for SU (3)-breaking ratios of neutral Bd - and Bs -meson mixing matrix
elements and bag parameters.

a Bayesian prior. The extension to the finer lattice spacing and closer to physical pion masses
together with the quadrupled statistics of the ensembles compared with those used in the earlier studies, as well as the inclusion of the wrong spin contribution [55], which is a staggered
fermion artifact, make it possible to achieve the large improvement of the overall precision.
Although for each parameter only one lattice volume is available, the finite-volume effects are
L>
well controlled by using a large enough lattice (mRMS
π
∼ 5) for all the ensembles. The operator renormalization is done by 1-loop lattice perturbation theory with the help of the mostly
nonperturbative renormalization method where a perturbative computation of the ratio of
the four-quark operator and square of the vector-current renormalization factors is combined
with the nonperturbative estimate of the latter. Let us note that in the report [50] not only
the SM B 0 − B 0 mixing matrix element, but also those with all possible four-quark operators
are included. The correlation among the different matrix elements are given, which helps to
properly assess the error propagation to phenomenological analyses where combinations of the
different matrix elements enter. The authors estimate the effect of omitting the charm-quark
dynamics, which we have not propagated to our Nf = 2 + 1 averages. It should also be noted
p
that their main new results are for the B 0 − B 0 mixing matrix elements, that are fBd BBd ,
p
fBs BBs and the ratio ξ. They reported also on BBd , BBs and BBs /BBd . However, the
B-meson decay constants needed in order to isolate the bag parameters from the four-fermion
matrix elements are taken from the PDG [3] averages, which are obtained using a procedure
similar to that used by FLAG. They plan to compute the decay constants on the same gauge
field ensembles and then complete the bag parameter calculation on their own in the future.
As of now, for the bag parameters we need to use the nested averaging scheme, described in
14
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𝖡𝖡𝗌 /𝖡𝖡𝖽



FLAG average for 𝖭𝖿 =𝟤 +𝟣

𝖭𝖿 =𝟤 +𝟣

FNAL/MILC 16
RBC/UKQCD 14A
FNAL/MILC 12
RBC/UKQCD 10C

FLAG average for 𝖭𝖿 =𝟤

𝖭𝖿 =𝟤

𝖭𝖿 =𝟤

HPQCD 09

ETM 13B
ETM 12A,12B

1.1 1.2 1.3 1.4

0.9 1.0 1.1 1.2

Figure 26: The SU (3)-breaking quantities ξ and BBs /BBd [values in Tab. 37 and Eqs. (217),
(220)].

Sec. 2.3.2, to take into account the possible correlations with this new result to the other ones
through the averaged decay constants. The detailed procedure to apply the scheme for this
particular case is provided in Sec. 8.2.1.
The other results for Nf = 2 + 1 are RBC/UKQCD 14A [18], which had been included
in the averages at FLAG 16 [33], and HPQCD 09 [22] to which a description is available in
FLAG 13 [53]. Now our averages for Nf = 2 + 1 are:
q
q
fBd B̂Bd = 225(9) MeV fBs B̂Bs = 274(8) MeV Refs. [18, 22, 50],
(219)
Nf = 2 + 1 :

B̂Bd = 1.30(10)
ξ = 1.206(17)

B̂Bs = 1.35(6)
BBs /BBd = 1.032(38)

Refs. [18, 22, 50],
(220)
Refs. [18, 50].
(221)

Here all the above equations have been updated from the paper version of FLAG 16. The
new results from FNAL/MILC 16 [50] entered the average for Eqs. (218), (219), and replaced
the earlier FNAL/MILC 12 [54] for Eq. (220).
As discussed in detail in the FLAG 13 review [53] HPQCD 09 does not include wrong-spin
contributions [55], which are staggered fermion artifacts, to the chiral extrapolation analysis.
It is possible that the effect is significant for ξ and BBs /BBd , since the chiral extrapolation
error is a dominant one for these flavour SU (3)-breaking ratios. Indeed, a test done by
FNAL/MILC 12 [54] indicates that the omission of the wrong spin contribution in the chiral
analysis may be a significant source of error. We therefore took the conservative choice to
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exclude ξ and BBs /BBd by HPQCD 09 from our average and we follow the same strategy in
this report as well.
We note that the above results within same Nf are all correlated with each other, due
to the use of the same gauge field ensembles for different quantities. The results are also
correlated with the averages obtained in Sec. 8.1 and shown in Eqs. (195)–(197) for Nf = 2
and Eqs. (198)–(200) for Nf = 2 + 1, because the calculations of B-meson decay constants
and mixing quantities are performed on the same (or on similar) sets of ensembles, and results
obtained by a given collaboration use the same actions and setups. These correlations must be
considered when using our averages as inputs
to unitarity triangle (UT) fits. For this reason,
p
if one were for example to estimate fBs B̂s from the separate averages of fBs and B̂s , one
would obtain a value about one standard deviation below the one quoted above. While these
two estimates lead to compatible results, giving us confidence that all uncertainties have been
properly addressed, we do not recommend combining averages this way, as many correlations
would have to be taken into account to properly assess the errors. We recommend instead
using the numbers quoted above. In the future, as more independent calculations enter the
averages, correlations between the lattice-QCD inputs to UT fits will become less significant.
8.2.1

Error treatment for B-meson bag parameters

The latest FNAL/MILC computation (FNAL/MILC 16) uses B-meson decay constants averaged for PDG [3] to isolate the bag parameter from the mixing matrix elements. The bag
parameters so obtained have correlation to those from the other computations in two ways:
through the mixing matrix elements of FNAL/MILC 16 and through the PDG average. Since
the PDG average is obtained similarly as the FLAG average, estimating the bag parameter
average with FNAL/MILC 16 requires a nested scheme. The nested scheme discussed in
Sec. 2.3.2 is applied as follows.
Three computations contribute to the Nf = 2 + 1 average of the Bd meson bag parameter BBd , FNAL/MILC 16 [50], RBC/UKQCD 14A [18], HPQCD 09 [22]. FNAL/MILC
16 uses fB 0 of PDG [3], which is an average of RBC/UKQCD 14, RBC/UKQCD 14A,
HPQCD 12/11A, FNAL/MILC 11 in Tab. 34.4 BBd (RBC/UKQCD 14A) has correlation
with that of FNAL/MILC 16, through fB (RBC/UKQCD 14A). Also some correlation exists
through fB (RBC/UKQCD 14), which uses the same set of gauge field configurations as BBd
(RBC/UKQCD 14A).
In Eq. (9) for this particular case, Q1 is BBd (FNAL/MILC 16), Y1 is fB2 0 BBd (FNAL/MILC
16), and Z is the PDG average of fB2 0 . The most nontrivial part of the nested averaging is
to construct the restricted errors σ[fB2 ]i′ ↔k [Eq. (16)] and σ[fB2 ]i′ ;j ′ ↔k [Eq. (18)], which goes
into the final correlation matrix Cij of BBd through σ1;k [Eq. (14)]. The restricted summation
over (α) labeling the origin of errors in this analysis turns out to be either the whole error or
the statistical error only.
For the correlation of fB and BBd both with RBC/UKQCD 14A, not knowing the information of the correlation, we take total errors 100 % correlated. For example, the heavy-quark
error, which is O(1/mb ) and most dominant, is common for both. For the correlation of fB
(RBC/UKQCD 14) and BBd (RBC/UKQCD 14A), which uses different heavy-quark formulations but based on the same set of gauge field configurations, only the statistical error is
4

In Ref. [3] an “isospin correction” is applied to fB + to obtain fB 0 for RBC/UKQCD 14A, HPQCD
12/11A, FNAL/MILC 11 before averaging.
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taken as correlated. In a similar way, correlation among the other computations is determined. In principle, we take the whole error as correlated between fB and BBd if both results
are based on the exact same lattice action for light and heavy quarks and are sharing (at
least a part of) the gauge field ensemble. Otherwise, only the statistical error is taken as
correlated if two computations share the gauge field ensemble, or no correlation for the rest,
which is summarized in Tab. 38. Also in a similar way, correlations of fBs and BBs , fBs /fB
and BBs /BBd are determined, which are also summarized in Tab. 38.
The necessary information for constructing the second term in the square root of Eq. (14)
has already been provided. For completeness, let us also summarize the correlation pattern
needed to construct the other part of σi;j for the bag parameters, which is shown in Tab. 39.
σ[Z]i′ ;j ′ ↔k for k =[RBC/UKQCD 14A]
RBC/UKQCD RBC/UKQCD
14A
14
i′ \ j ′
RBC/UKQCD 14A
all
stat
RBC/UKQCD 14
stat
stat

2
σ[fB
]i′ ;j ′ ↔k for k =[HPQCD 09]
HPQCD FNAL/MILC
12/11A
11
i′ \ j ′
HPQCD 12/11A
all
stat
stat
stat
FNAL/MILC 11

2
]′ ′
for k =[HPQCD 09]
σ[fB
s i ;j ↔k
HPQCD HPQCD FNAL/MILC
i′ \ j ′
12
11A
11
HPQCD 12
all
stat
stat
stat
stat
stat
HPQCD 11A
stat
stat
stat
FNAL/MILC 11

Table 38: Correlated elements of error composition in the summation over (α) for σ[Z]i′ ;j ′ ↔k
[Eq. (18)] for Z = fB2 , fB2 s , fB2 s /fB2 . The i′ = j ′ elements express σ[Z]i′ ↔k [Eq. (16)]. The
elements not listed here are all null.
i\j
FNAL/MILC 16
RBC/UKQCD 14A
HPQCD 09

FNAL/MILC 16
−
all
all

RBC/UKQCD 14A
none
−
none

HPQCD 09
stat
none
−

Table 39: Correlated elements of error composition in the summation over (α) for σi;j of BBd ,
BBs , BBs /BBd . The i =[FNAL/MILC 16] row expresses the correlations in the first term in
the square root in Eq. (14). The j =[FNAL/MILC 16] column represents the correlations for
Eq. (19). For BBs /BBd only upper 2 × 2 block is relevant.

8.3

Semileptonic form factors for B decays to light flavours

The Standard Model differential rate for the decay B(s) → P ℓν involving a quark-level b → u
transition is given, at leading order in the weak interaction, by a formula analogous to the
one for D decays in Eq. (170), but with D → B(s) and the relevant CKM matrix element
|Vcq | → |Vub |:
√ 2 2 ·³
´
dΓ(B(s) →P ℓν)
−mP
m2ℓ
G2F |Vub |2 (q 2 −m2ℓ )2 EP
=
1
+
m2B(s) (EP2 − m2P )|f+ (q 2 )|2
2
3
2
2
4
dq
24π
2q
q mB
(s)
¸
3m2
+ 8q2ℓ (m2B(s) − m2P )2 |f0 (q 2 )|2 . (222)
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Again, for ℓ = e, µ the contribution from the scalar form factor f0 can be neglected, and
one has a similar expression to Eq. (172), which, in principle, allows for a direct extraction
of |Vub | by matching theoretical predictions to experimental data. However, while for D (or
2
K) decays the entire physical range 0 ≤ q 2 ≤ qmax
can be covered with moderate momenta
2
accessible to lattice simulations, in B → πℓν decays one has qmax
∼ 26 GeV2 and only part
of the full kinematic range is reachable. As a consequence, obtaining |Vub | from B → πℓν is
more complicated than obtaining |Vcd(s) | from semileptonic D-meson decays.
In practice, lattice computations are restricted to large values of the momentum transfer
q 2 (see Sec. 7.2) where statistical and momentum-dependent discretization errors can be
controlled,5 which in existing calculations roughly cover the upper third of the kinematically
allowed q 2 range. Since, on the other hand, the decay rate is suppressed by phase space at
large q 2 , most of the semileptonic B → π events are selected in experiment at lower values
of q 2 , leading to more accurate experimental results for the binned differential rate in that
region.6 It is therefore a challenge to find a window of intermediate values of q 2 at which
both the experimental and lattice results can be reliably evaluated.
In current practice, the extraction of CKM matrix elements requires that both experimental and lattice data for the q 2 -dependence be parameterized by fitting data to a specific
ansatz. Before the generalization of the sophisticated ansätze that will be discussed below,
the most common procedure to overcome this difficulty involved matching the theoretical
prediction and the experimental result for the integrated decay rate over some finite interval
in q 2 ,
∆ζ =

1
|Vub

|2

Z

q22
q12

³

dΓ
dq 2

´

dq 2 .

(223)

In the most recent literature, it has become customary to perform a joint fit to lattice and
experimental results, keeping the relative normalization |Vub |2 as a free parameter. In either
case, good control of the systematic uncertainty induced by the choice of parameterization is
crucial to obtain a precise determination of |Vub |. A detailed discussion of the parameterization
of form factors as a function of q 2 can be found in Appendix A.5.
8.3.1

Form factors for B → πℓν

The semileptonic decay processes B → πℓν enable determinations of the CKM matrix element
|Vub | within the Standard Model via Eq. (221). Early results for B → πℓν form factors came
from the HPQCD [57] and FNAL/MILC [58] collaborations. Only HPQCD provided results
for the scalar form factor f0 . Our previous review featured a significantly extended calculation
of B → πℓν from FNAL/MILC [59] and a new computation from RBC/UKQCD [60]. All
the above computations employ Nf = 2 + 1 dynamical configurations, and provide values for
both form factors f+ and f0 . In addition, HPQCD using MILC ensembles had published the
first Nf = 2 + 1 + 1 results for the B → πℓν scalar form factor, working at zero recoil and
pion masses down to the physical value [61]; this adds to previous reports on ongoing work
to upgrade their 2006 computation [62, 63]. Since this latter result has no immediate impact
5
The variance of hadron correlation functions at nonzero three-momentum is dominated at large Euclidean
times by zero-momentum multiparticle states [56]; therefore the noise-to-signal grows more rapidly than for
the vanishing three-momentum case.
6
Upcoming data from Belle II are expected to significantly improve the precision of experimental results,
in particular, for larger values of q 2 .
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on current |Vub | determinations, which come from the vector-form-factor-dominated decay
channels into light leptons, we will from now on concentrate on the Nf = 2+1 determinations
of the q 2 -dependence of B → π form factors.
Results presented at Lattice 2017 are preliminary or blinded, so not yet ready for inclusion
in this review. However, the reader will be interested to know that the JLQCD collaboration
is using Möbius Domain Wall fermions with a ≈ 0.08, 0.055, and 0.044 fm and pion masses
down to 300 MeV to study this process [64]. FNAL/MILC is using Nf = 2 + 1 + 1 HISQ
ensembles with a ≈ 0.15, 0.12, and 0.088 fm, with Goldstone pion mass down to its physical
value [65]. Both groups updated their results for Lattice 2018, but do not have final values
for the form factors.
Returning to the works that contribute to our averages, both the HPQCD and the
FNAL/MILC computations of B → πℓν amplitudes use ensembles of gauge configurations
with Nf = 2 + 1 flavours of rooted staggered quarks produced by the MILC collaboration;
however, the latest FNAL/MILC work makes a much more extensive use of the currently
available ensembles, both in terms of lattice spacings and light-quark masses. HPQCD have
results at two values of the lattice spacing (a ∼ 0.12, 0.09 fm), while FNAL/MILC employs
four values (a ∼ 0.12, 0.09, 0.06, 0.045 fm). Lattice-discretization effects are estimated
within HMrSχPT in the FNAL/MILC computation, while HPQCD quotes the results at
a ∼ 0.12 fm as central values and uses the a ∼ 0.09 fm results to quote an uncertainty. The
relative scale is fixed in both cases through r1 /a. HPQCD set the absolute scale through the
Υ 2S–1S splitting, while FNAL/MILC uses a combination of fπ and the same Υ splitting, as
described in Ref. [21]. The spatial extent of the lattices employed by HPQCD is L ≃ 2.4 fm,
save for the lightest mass point (at a ∼ 0.09 fm) for which L ≃ 2.9 fm. FNAL/MILC,
on the other hand, uses extents up to L ≃ 5.8 fm, in order to allow for light-pion masses
while keeping finite-volume effects under control. Indeed, while in the 2006 HPQCD work
the lightest RMS pion mass is 400 MeV, the latest FNAL/MILC work includes pions as light
as 165 MeV—in both cases the bound mπ L & 3.8 is kept. Other than the qualitatively different range of MILC ensembles used in the two computations, the main difference between
HPQCD and FNAL/MILC lies in the treatment of heavy quarks. HPQCD uses the NRQCD
formalism, with a 1-loop matching of the relevant currents to the ones in the relativistic theory. FNAL/MILC employs the clover action with the Fermilab interpretation, with a mostly
nonperturbative renormalization of the relevant currents, within which light-light and heavyheavy currents are renormalized nonperturbatively and 1-loop perturbation theory is used for
the relative normalization. (See Tab. 40; full details about the computations are provided in
tables in Appendix B.6.3.)
The RBC/UKQCD computation is based on Nf = 2 + 1 DWF ensembles at two values
of the lattice spacing (a ∼ 0.12, 0.09 fm), and pion masses in a narrow interval ranging
from slightly above 400 MeV to slightly below 300 MeV, keeping mπ L & 4. The scale is set
using the Ω− baryon mass. Discretization effects coming from the light sector are estimated
in the 1% ballpark using HMχPT supplemented with effective higher-order interactions to
describe cutoff effects. The b quark is treated using the Columbia RHQ action, with a mostly
nonperturbative renormalization of the relevant currents. Discretization effects coming from
the heavy sector are estimated with power-counting arguments to be below 2%.
Given the large kinematical range available in the B → π transition, chiral extrapolations are an important source of systematic uncertainty: apart from the eventual need to
reach physical pion masses in the extrapolation, the applicability of χPT is not guaranteed
for large values of the pion energy Eπ . Indeed, in all computations Eπ reaches values in
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the 1 GeV ballpark, and chiral extrapolation systematics is the dominant source of errors.
FNAL/MILC uses SU (2) NLO HMrSχPT for the continuum-chiral extrapolation, supplemented by NNLO analytic terms and hard-pion χPT terms [66];7 systematic uncertainties
are estimated through an extensive study of the effects of varying the specific fit ansatz
and/or data range. RBC/UKQCD uses SU (2) hard-pion HMχPT to perform its combined
continuum-chiral extrapolation, and obtains sizeable estimates for systematic uncertainties
by varying the ansätze and ranges used in fits. HPQCD performs chiral extrapolations using
HMrSχPT formulae, and estimates systematic uncertainties by comparing the result with the
ones from fits to a linear behaviour in the light-quark mass, continuum HMχPT, and partially
quenched HMrSχPT formulae (including also data with different sea and valence light-quark
masses).
FNAL/MILC and RBC/UKQCD describe the q 2 -dependence of f+ and f0 by applying a
BCL parameterization to the form factors extrapolated to the continuum limit, within the
range of values of q 2 covered by data. RBC/UKQCD generate synthetic data for the form
factors at some values of q 2 (evenly spaced in z) from the continuous function of q 2 obtained
from the joint chiral-continuum extrapolation, which are then used as input for the fits. After
having checked that the kinematical constraint f+ (0) = f0 (0) is satisfied within errors by the
extrapolation to q 2 = 0 of the results of separate fits, this constraint is imposed to improve
fit quality. In the case of FNAL/MILC, rather than producing synthetic data a functional
method is used to extract the z-parameterization directly from the fit functions employed
in the continuum-chiral extrapolation. In the case of HPQCD, the parameterization of the
q 2 -dependence of form factors is somewhat intertwined with chiral extrapolations: a set of
(n)
fiducial values {Eπ } is fixed for each value of the light-quark mass, and f+,0 are interpolated
(n)
to each of the Eπ ; chiral extrapolations are then performed at fixed Eπ (i.e., mπ and q 2 are
varied subject to Eπ =constant). The interpolation is performed using a BZ ansatz. The q 2 dependence of the resulting form factors in the chiral limit is then described by means of a BZ
ansatz, which is cross-checked against BK, RH, and BGL parameterizations. Unfortunately,
the correlation matrix for the values of the form factors at different q 2 is not provided, which
severely limits the possibilities of combining them with other computations into a global
z-parameterization.
Based on the parameterized form factors, HPQCD and RBC/UKQCD provide values
for integrated decay rates ∆ζ Bπ , as defined in Eq. (222); they are quoted in Tab. 40. The
latest FNAL/MILC work, on the other hand, does not quote a value for the integrated ratio.
Furthermore, as mentioned above, the field has recently moved forward to determine CKM
matrix elements from direct joint fits of experimental results and theoretical form factors,
rather than a matching through ∆ζ Bπ . Thus, we will not provide here a FLAG average for
the integrated rate, and focus on averaging lattice results for the form factors themselves.
The different ways in which the current results are presented do not allow a straightforward
averaging procedure. RBC/UKQCD only provides synthetic values of f+ and f0 at a few
values of q 2 as an illustration of their results, and FNAL/MILC does not quote synthetic
values at all. In both cases, full results for BCL z-parameterizations defined by Eq. (447) are
quoted. In the case of HPQCD 06, unfortunately, a fit to a BCL z-parameterization is not
possible, as discussed above.
7

It is important to stress the finding in [67] that the factorization of chiral logs in hard-pion χPT breaks
down, implying that it does not fulfill the expected requisites for a proper effective field theory. Its use to
model the mass dependence of form factors can thus be questioned.
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FNAL/MILC 15
RBC/UKQCD 15
HPQCD 06

[59]
[60]
[57]

2+1
2+1
2+1

A
A
A

⋆

◦
◦

◦
◦
◦

⋆

◦
◦

◦
◦
◦

X
X
X

BCL
BCL
n/a

∆ζ Bπ

n/a
1.77(34)
2.07(41)(39)

Table 40: Results for the B → πℓν semileptonic form factor. The quantity ∆ζ is defined in
Eq. (222); the quoted values correspond to q1 = 4 GeV, q2 = qmax , and are given in ps−1 .

In order to combine these form factor calculations we start from sets of synthetic data for
several q 2 values. HPQCD and RBC/UKQCD provide directly this information; FNAL/MILC
presents only fits to a BCL z-parameterization from which we can easily generate an equivalent
set of form factor values. It is important to note that in both the RBC/UKQCD synthetic
data and the FNAL/MILC z-parameterization fits the kinematic constraint at q 2 = 0 is
automatically included (in the FNAL/MILC case the constraint is manifest in an exact de0
generacy of the (a+
n , an ) covariance matrix). Due to these considerations, in our opinion the
most accurate procedure is to perform a simultaneous fit to all synthetic data for the vector
and scalar form factors. Unfortunately, the absence of information on the correlation in the
HPQCD result between the vector and scalar form factors even at a single q 2 point makes
it impossible to include consistently this calculation in the overall fit. In fact, the HPQCD
and FNAL/MILC statistical uncertainties are highly correlated (because they are based on
overlapping subsets of MILC Nf = 2 + 1 ensembles) and, without knowledge of the f+ − f0
correlation we are unable to construct the HPQCD-FNAL/MILC off-diagonal entries of the
overall covariance matrix.
In conclusion, we will present as our best result a combined vector and scalar form factor
fit to the FNAL/MILC and RBC/UKQCD results that we treat as completely uncorrelated.
For sake of completeness we will also show the results of a vector form factor fit alone in
which we include one HPQCD datum at q 2 = 17.34 GeV2 assuming conservatively a 100%
correlation between the statistical error of this point and of all FNAL/MILC synthetic data.
In spite of contributing just one point, the HPQCD datum has a significant weight in the fit
due to its small overall uncertainty. We stress again that this procedure is slightly inconsistent
because FNAL/MILC and RBC/UKQCD include information on the kinematic constraint at
q 2 = 0 in their f+ results.
The resulting data set is then fitted to the BCL parameterization in Eqs. (447) and (448).
We assess the systematic uncertainty due to truncating the series expansion by considering fits
to different orders in z. In Fig. 27, we show the FNAL/MILC, RBC/UKQCD, and HPQCD
data points for (1 − q 2 /m2B ∗ )f+ (q 2 ) and f0 (q 2 ) versus z. The data is highly linear and we
get a good χ2 /dof with N + = N 0 = 3. Note that this implies three independent parameters
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B → π (Nf = 2 + 1)
Central Values
+
a0
0.404 (13)
+
a1
−0.68 (13)
a+
−0.86 (61)
2
0
a0
0.490 (21)
0
a1
−1.61 (16)

1
0.404
0.118
0.327
0.344

Correlation Matrix
0.404 0.118 0.327
1
0.741 0.310
0.741
1
0.363
0.310 0.363
1
0.900 0.886 0.233

1902.08191

0.344
0.900
0.886
0.233
1

Table 41: Coefficients and correlation matrix for the N + = N 0 = 3 z-expansion of the B → π
form factors f+ and f0 .
for f+ corresponding to a polynomial through O(z 3 ) and two independent parameters for f0
corresponding to a polynomial through O(z 2 ) (the coefficient a02 is fixed using the q 2 = 0
kinematic constraint). We cannot constrain the coefficients of the z-expansion beyond this
order; for instance, including a fourth parameter in f+ results in 100% uncertainties on a+
2
+ = N 0 = 3 BCL fit to the FNAL/MILC
and a+
3 . The outcome of the five-parameter N
+,0
and
and RBC/UKQCD calculations is shown in Tab. 41. The uncertainties on a+,0
0 , a1
+
+
0
a2 encompass the central values obtained from N = 2, 4 and N = 2, 4, 5 fits and thus
adequately reflect the systematic uncertainty on those series coefficients. This can be used
as the averaged FLAG result for the lattice-computed form factor f+ (q 2 ). The coefficient
+ +
0
a+
3 can be obtained from the values for a0 –a2 using Eq. (446). The coefficient a2 can be
obtained from all other coefficients imposing the f+ (q 2 = 0) = f0 (q 2 = 0) constraint. The
fit is illustrated in Fig. 27. It is worth stressing that, with respect to our average in the
2015 edition of the FLAG report, the relative error on a+
0 , which dominates the theory
contribution to the determination of |Vub |, has decreased from 7.3% to 3.2%. The dominant
factor in this remarkable improvement is the new FNAL/MILC determination of f+ . We
emphasize that future lattice-QCD calculations of semileptonic form factors should publish
their full statistical and systematic correlation matrices to enable others to use the data.
It is also preferable to present a set of synthetic form factors data equivalent to the z-fit
results, since this allows for an independent analysis that avoids further assumptions about the
compatibility of the procedures to arrive at a given z-parameterization.8 It is also preferable
to present covariance/correlation matrices with enough significant digits to calculate correctly
all their eigenvalues.
For the sake of completeness, we present also a standalone z-fit to the vector form factor.
In this fit we are able to include the single f+ point at q 2 = 17.34 GeV2 that we mentioned
above. This fit uses the FNAL/MILC and RBC/UKQCD results that do make use of the
kinematic constraint at q 2 = 0, but is otherwise unbiased. The results of the three-parameter
BCL fit to the HPQCD, FNAL/MILC and RBC/UKQCD calculations of the vector form
8

Note that generating synthetic data is a trivial task, but less so is choosing the number of required points
and the q 2 values that lead to an optimal description of the form factors.
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Figure 27: The form factors (1 − q 2 /m2B ∗ )f+ (q 2 ) and f0 (q 2 ) for B → πℓν plotted versus z.
(See text for a discussion of the data set.) The grey and salmon bands display our preferred
N + = N 0 = 3 BCL fit (five parameters) to the plotted data with errors.

factor are:
Nf = 2 + 1 :

a+
0 = 0.421(13) ,

a+
a+
1 = −0.35(10) ,
2 = −0.41(64) ;


1.000 0.306 0.084
corr(ai , aj ) =  0.306 1.000 0.856  .
0.084 0.856 1.000

(224)

Note that the a+
0 coefficient, that is the most relevant for input to the extraction of Vub from
semileptonic B → πℓνℓ (ℓ = e, µ) decays, shifts by about a standard deviation.
8.3.2

Form factors for Bs → Kℓν

Similar to B → πℓν, measurements of Bs → Kℓν enable determinations of the CKM matrix
element |Vub | within the Standard Model via Eq. (221). From the lattice point of view
the two channels are very similar—as a matter of fact, Bs → Kℓν is actually somewhat
simpler, in that the fact that the kaon mass region is easily accessed by all simulations makes
the systematic uncertainties related to chiral extrapolation smaller. On the other hand,
Bs → Kℓν channels have not been measured experimentally yet, and therefore lattice results
provide SM predictions for the relevant rates.
At the time of our previous review, results for Bs → Kℓν form factors were provided by
HPQCD [68] and RBC/UKQCD [59] for both form factors f+ and f0 , in both cases using
Nf = 2 + 1 dynamical configurations. The ALPHA collaboration determination of Bs → Kℓν
form factors with Nf = 2 was also well underway [69]; however, we have not seen final results.
HPQCD has recently emphasized the value of form factor ratios for the processes Bs → Kℓν
and Bs → Ds ℓν for determination of |Vub /Vcb | [70]. In the first version of this edition of the
review, FNAL/MILC preliminary results had been reported for both Nf = 2 + 1 [71] and
Nf = 2 + 1 + 1 [65], but were not included in the average due to their non-final status. The
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Nf = 2 + 1 results have since been published [72]; we will therefore proceed to include them
in the average in the present update.
The RBC/UKQCD computation has been published together with the B → πℓν computation discussed in Sec. 8.3.1, all technical details being practically identical. The main
difference is that errors are significantly smaller, mostly due to the reduction of systematic
uncertainties due to the chiral extrapolation; detailed information is provided in tables in
Appendix B.6.3. The HPQCD computation uses ensembles of gauge configurations with
Nf = 2 + 1 flavours of asqtad rooted staggered quarks produced by the MILC collaboration
at two values of the lattice spacing (a ∼ 0.12, 0.09 fm), for three and two different sea-pion
masses, respectively, down to a value of 260 MeV. The b quark is treated within the NRQCD
formalism, with a 1-loop matching of the relevant currents to the ones in the relativistic theory, omitting terms of O(αs ΛQCD /mb ). The HISQ action is used for the valence s quark.
The continuum-chiral extrapolation is combined with the description of the q 2 -dependence
of the form factors into a modified z-expansion (cf. Appendix A.5) that formally coincides
in the continuum with the BCL ansatz. The dependence of form factors on the pion energy
and quark masses is fitted to a 1-loop ansatz inspired by hard-pion χPT [66], that factorizes
out the chiral logarithms describing soft physics. The FNAL/MILC computation coincides
with HPQCD’s in using ensembles of gauge configurations with Nf = 2 + 1 flavours of asqtad rooted staggered quarks produced by the MILC collaboration, but only one ensemble is
shared, and a different valence regularization is employed; we will thus treat the two results
as fully independent from the statistics point of view. FNAL/MILC uses three values of
the lattice spacing (a ∼ 0.12, 0.09, 0.06 fm); only one value of the sea pion mass and the
volume is available at the extreme values of the lattice spacing, while four different masses
and volumes are considered at a = 0.09 fm. Heavy quarks are treated within the Fermilab
approach. HMrSχPT expansion is used at next-to-leading order in SU(2) and leading order
in 1/MB , including next-to-next-to-leading-order (NNLO) analytic and generic discretization
terms, to perform continuum-chiral extrapolations. Hard kaons are assumed to decouple —
i.e., their effect is reabsorbed in the SU(2) LECs. Continuum- and chiral-extrapolated values of the form factors are fitted to a z-parametrization imposing the kinematical constraint
f+ (0) = f0 (0). See Tab. 42 and the tables in Appendix B.6.3 for full details.
In order to combine the results for the q 2 dependence of the form factors from the three
collaborations, we will follow a similar approach to the one adopted above for B → πℓν, and
produce synthetic data from the preferred fits quoted in the papers, to obtain a dataset to
which a joint fit can be performed. Note that the kinematic constraint at q 2 = 0 is included
in all three cases; we will therefore impose it in our fit as well, since the synthetic data will
implicitly depend on that fitting choice. It is however worth mentioning that the systematic
uncertainty of the resulting extrapolated value f+ (0) = f0 (0) can be fairly large — oftentimes
beyond the fit uncertainty for a given z-parametrization ansatz — and the average far away
from the region covered by data has to be used carefully. We plan to explore this issue further
in the upcoming new edition of the report. It is however important to emphasize that joint
fits with experimental data, where the latter accurately map the q 2 region, are expected to
be safe.
p
For the fits we employ a BCL ansatz with t+ = (MB + Mπ )2 and t0 = t+ − t+ (t+ − t−),
with t− = (MBs − MK )2 . Our pole factors will contain a single pole in both the vector and
scalar channels, for which we take the mass values MB ∗ = 5.32465 GeV and MB ∗ (0+ ) =
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Results from modified z-expansion.

Table 42: Results for the Bs → Kℓν semileptonic form factor.
Bs → K (Nf = 2 + 1)
Central Values
+
a0
0.374 (10)
+
a1
-0.672 (51)
+
a2
0.07 (25)
+
a3
1.34 (42)
0
a0
0.2203 (55)
0
a1
0.089 (46)
0
a2
0.24 (19)

1
0.2471
-0.1715
-0.2396
0.6445
0.3791
0.2857

0.2471
1
0.4198
0.1724
0.4626
0.8183
0.7948

Correlation Matrix
-0.1715 -0.2396 0.6445
0.4198 0.1724 0.4626
1
0.8136 0.3804
0.8136
1
0.2823
0.3804 0.2823
1
0.7293 0.5120 0.6570
0.7481 0.5529 0.4837

0.3791
0.8183
0.7293
0.5120
0.6570
1
0.9220

0.2857
0.7948
0.7481
0.5529
0.4837
0.9220
1

Table 43: Coefficients and correlation matrix for the N + = N 0 = 4 z-expansion of the
Bs → K form factors f+ and f0 .
5.68 GeV.9 The constraint f+ (0) = f0 (0) is imposed by expressing the coefficient b0N 0 −1 in
terms of all others. The outcome of the five-parameter N + = N 0 = 4 BCL fit, which we
quote as our preferred result, is shown in Tab. 43. These can be used as the averaged FLAG
results for the lattice-computed form factors f+ (q 2 ) and f0 (q 2 ). The coefficient a+
4 can be
+
10
obtained from the values for a+
The
fit
is
illustrated
in
Fig.
28.
–a
using
Eq.
(446).
0
3
9
These are the values used in the FNAL/MILC determination, while HPQCD and RBC/UKQCD use
MB ∗ (0+) = 5.6794(10) GeV and MB ∗ (0+) = 5.63 GeV, respectively. They also employ different values of t+
and t0 than employed here, which again coincide with FNAL/MILC’s choice.
10
Note that in a previous version of the review we adopted the threshold t+ = (MBs + MK )2 rather than
t+ = (MB + Mπ )2 . This change impacted the z-range which the physical q 2 interval maps onto. We also point
out that, in the previous version of Fig. 28, the three synthetic f0 data points from HPQCD were plotted
incorrectly, but this did not affect the fit.
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Figure 28: The form factors (1 − q 2 /m2B ∗ )f+ (q 2 ) and (1 − q 2 /m2B ∗ (0+) )f0 (q 2 ) for Bs → Kℓν
plotted versus z. (See text for a discussion of the data sets.) The grey and salmon bands
display our preferred N + = N 0 = 4 BCL fit (five parameters) to the plotted data with errors.

8.3.3

Form factors for rare and radiative B-semileptonic decays to light flavours

Lattice-QCD input is also available for some exclusive semileptonic decay channels involving
neutral-current b → q transitions at the quark level, where q = d, s. Being forbidden at tree
level in the SM, these processes allow for stringent tests of potential new physics; simple
examples are B → K ∗ γ, B → K (∗) ℓ+ ℓ− , or B → πℓ+ ℓ− where the B meson (and therefore
the light meson in the final state) can be either neutral or charged.
The corresponding SM effective weak Hamiltonian is considerably more complicated than
the one for the tree-level processes discussed above: after integrating out the top and the
W boson, as many as ten dimension-six operators formed by the product of two hadronic
currents or one hadronic and one leptonic current appear.11 Three of the latter, coming from
penguin and box diagrams, dominate at short distances and have matrix elements that, up
to small QED corrections, are given entirely in terms of B → (π, K, K ∗ ) form factors. The
matrix elements of the remaining seven operators can be expressed, up to power corrections
whose size is still unclear, in terms of form factors, decay constants and light-cone distribution
amplitudes (for the π, K, K ∗ and B mesons) by employing OPE arguments (at large di-lepton
invariant mass) and results from Soft Collinear Effective Theory (at small di-lepton invariant
mass). In conclusion, the most important contributions to all of these decays are expected
to come from matrix elements of current operators (vector, tensor, and axial-vector) between
one-hadron states, which in turn can be parameterized in terms of a number of form factors
(see Ref. [74] for a complete description).
In channels with pseudoscalar mesons in the final state, the level of sophistication of lattice calculations is similar to the B → π case and there are results for the vector, scalar,
and tensor form factors for B → Kℓ+ ℓ− decays by HPQCD [75], and more recent results for
both B → πℓ+ ℓ− [77] and B → Kℓ+ ℓ− [76] from FNAL/MILC. Full details about these two
calculations are provided in Tab. 44 and in the tables in Appendix B.6.4. Both computations
11

See, e.g., Ref. [73] and references therein.
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Table 44: Results for the B → K semileptonic form factors.
B → π (Nf = 2 + 1)
Central Values
T
a0
0.393(17)
T
a1
−0.65(23)
T
a2
−0.6(1.5)
T
a3
0.1(2.8)

Correlation Matrix
1.000 0.400 0.204 0.166
0.400 1.000 0.862 0.806
0.204 0.862 1.000 0.989
0.166 0.806 0.989 1.000

Table 45: Coefficients and correlation matrix for the N + = N 0 = 3 z-expansion of the B → π
form factor fT .
employ MILC Nf = 2 + 1 asqtad ensembles. HPQCD [78] and FNAL/MILC [79] have also
companion papers in which they calculate the Standard Model predictions for the differential
branching fractions and other observables and compare to experiment. The HPQCD computation employs NRQCD b quarks and HISQ valence light quarks, and parameterizes the
form factors over the full kinematic range using a model-independent z-expansion as in Appendix A.5, including the covariance matrix of the fit coefficients. In the case of the (separate)
FNAL/MILC computations, both of them use Fermilab b quarks and asqtad light quarks, and
a BCL z-parameterization of the form factors.
Reference [77] includes results for the tensor form factor for B → πℓ+ ℓ− not included in
previous publications on the vector and scalar form factors [59]. Nineteen ensembles from
four lattice spacings are used to control continuum and chiral extrapolations. The results for
Nz = 4 z-expansion of the tensor form factor and its correlations with the expansions for the
vector and scalar form factors, which we consider the FLAG estimate, are shown in Tab. 45.
Partial decay widths for decay into light leptons or τ + τ − are presented as a function of q 2 .
The former is compared with results from LHCb [80], while the latter is a prediction.
The averaging of the HPQCD and FNAL/MILC results for the B → K form factors
is similar to our treatment of the B → π and Bs → K form factors. In this case, even
though the statistical uncertainties are partially correlated because of some overlap between
the adopted sets of MILC ensembles, we choose to treat the two calculations as independent.
The reason is that, in B → K, statistical uncertainties are subdominant and cannot be
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B → K (Nf = 2 + 1)
Central Values
+
a0
0.4696 (97)
+
a1
−0.73 (11)
a+
0.39 (50)
2
0
a0
0.3004 (73)
0
a1
0.42 (11)
T
a0
0.454 (15)
T
a1
−1.00 (23)
T
a2
−0.89 (96)

FLAG Review 2019

1
0.467
0.058
0.755
0.553
0.609
0.253
0.102

0.467
1
0.643
0.770
0.963
0.183
0.389
0.255

1902.08191

Correlation Matrix
0.058 0.755 0.553 0.609
0.643 0.770 0.963 0.183
1
0.593 0.749 −0.145
0.593
1
0.844 0.379
0.749 0.844
1
0.206
−0.145 0.379 0.206
1
0.023 0.229 0.325 0.707
0.176 0.187 0.245 0.602

0.253
0.389
0.023
0.229
0.325
0.707
1
0.902

0.102
0.255
0.176
0.187
0.245
0.602
0.902
1

Table 46: Coefficients and correlation matrix for the N + = N 0 = N T = 3 z-expansion of the
B → K form factors f+ , f0 and fT .
easily extracted from the results presented by HPQCD and FNAL/MILC. Both collaborations
provide only the outcome of a simultaneous z-fit to the vector, scalar and tensor form factors,
that we use to generate appropriate synthetic data. We then impose the kinematic constraint
f+ (q 2 = 0) = f0 (q 2 = 0) and fit to (N + = N 0 = N T = 3) BCL parameterization. The
functional forms of the form factors that we use are identical to those adopted in Ref. [79].12
The results of the fit are presented in Tab. 46. The fit is illustrated in Fig. 29. Note that
the average for the fT form factor appears to prefer the FNAL/MILC synthetic data. This
happens because we perform a correlated fit of the three form factors simultaneously (both
FNAL/MILC and HPQCD present covariance matrices that include correlations between
all form factors). We checked that the average for the fT form factor, obtained neglecting
correlations with f0 and f+ , is a little lower and lies in between the two data sets. There
is still a noticeable tension between the FNAL/MILC and HPQCD data for the tensor form
factor; indeed, a standalone fit to these data results in χ2red = 7.2/3, while a similar standalone
joint fit to f+ and f0 has χ2red = 7.3/7. Finally, the global fit that is shown in the figure has
χ2red = 16.4/10.
Lattice computations of form factors in channels with a vector meson in the final state
face extra challenges with respect to the case of a pseudoscalar meson: the state is unstable,
and the extraction of the relevant matrix element from correlation functions is significantly
more complicated; χPT cannot be used as a guide to extrapolate results at unphysically heavy
pion masses to the chiral limit. While field-theory procedures to take resonance effects into
account are available [82–90], they have not yet been implemented in the existing preliminary
computations, which therefore suffer from uncontrolled systematic errors in calculations of
weak decay form factors into unstable vector meson final states, such as the K ∗ or ρ mesons.13
As a consequence of the complexity of the problem, the level of maturity of these computations is significantly below the one present for pseudoscalar form factors. Therefore, we
will only provide below a short guide to the existing results.
12

Note in particular that not much is known about the sub-threshold poles for the scalar form factor.
∗
FNAL/MILC includes one pole at the Bs0
mass as taken from the calculation in Ref. [81].
13
∗
In cases such as B → D transitions, that will be discussed below, this is much less of a practical problem
due to the very narrow nature of the resonance.
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Figure 29: The B → K form factors (1 − q 2 /m2B ∗ )f+ (q 2 ), (1 − q 2 /m2B ∗ (0+) )f0 (q 2 ) and (1 −
q 2 /m2B ∗ )fT (q 2 ) plotted versus z. (See text for a discussion of the data sets.) The grey, salmon
and blue bands display our preferred N + = N 0 = N T = 3 BCL fit (eight parameters) to the
plotted data with errors.
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Concerning channels with vector mesons in the final state, Horgan et al. have obtained
the seven form factors governing B → K ∗ ℓ+ ℓ− (as well as those for Bs → φ ℓ+ ℓ− ) in Ref. [91]
using NRQCD b quarks and asqtad staggered light quarks. In this work, they use a modified
z-expansion to simultaneously extrapolate to the physical light-quark masses and continuum
and extrapolate in q 2 to the full kinematic range. As discussed in Sec. 7.2, the modified zexpansion is not based on an underlying effective theory, and the associated uncertainties have
yet to be fully studied. Horgan et al. use their form-factor results to calculate the differential
branching fractions and angular distributions and discuss the implications for phenomenology
in a companion paper [92]. Finally, preliminary results on B → K ∗ ℓ+ ℓ− and Bs → φℓ+ ℓ− by
RBC/UKQCD, have been reported in Refs. [93–95].

8.4

Semileptonic form factors for B(s) → D(s) ℓν and B → D∗ ℓν

The semileptonic processes B(s) → D(s) ℓν and B → D ∗ ℓν have been studied extensively
by experimentalists and theorists over the years. They allow for the determination of the
CKM matrix element |Vcb |, an extremely important parameter of the Standard Model. The
matrix elememt Vcb appears in many quantities that serve as inputs to CKM unitarity triangle
analyses and reducing its uncertainties is of paramount importance. For example, when ǫK ,
the measure of indirect CP violation in the neutral kaon system, is written in terms of the
parameters ρ and η that specify the apex of the unitarity triangle, a factor of |Vcb |4 multiplies
the dominant term. As a result, the errors coming from |Vcb | (and not those from BK ) are
now the dominant uncertainty in the Standard Model (SM) prediction for this quantity.
The decay rate for B → Dℓν can be parameterized in terms of vector and scalar form
factors in the same way as, e.g., B → πℓν, see Sec. 8.3. The decay rate for B → D∗ ℓν is
different because the final-state hadron is spin-1. There are four form factors used to describe
the vector and axial-vector current matrix elements that are needed to calculate this decay.
We define the 4-velocity of the meson P as vP = pP /mP and the polarization vector of the
D∗ as ǫ. When the light lepton ℓ = e, or µ, it is traditional to use w = vB · vD(∗) rather than
q 2 as the variable upon which the form factors depend. Then, the form factors hV , and hAi ,
with i = 1, 2 or 3 are defined by
√

α β
(225)
mB mD∗ hV (w)εµναβ ǫ∗ν vD
∗v
B,
£
¤
√
∗
∗µ
∗
∗
hD |Aµ |Bi = i mB mD∗ hA1 (w)(1 + w)ǫ − hA2 (w)ǫ · vB vB µ − hA3 (w)ǫ · vB vD∗ µ .
(226)

hD∗ |Vµ |Bi =

The differential decay rates can then be written as
dΓB − →D0 ℓ− ν̄
dw
dΓB − →D0∗ ℓ− ν̄
dw

=
=

G2F m3D
(mB + mD )2 (w2 − 1)3/2 |ηEW |2 |Vcb |2 |G(w)|2 ,
48π 3
G2F m3D∗
(mB − mD∗ )2 (w2 − 1)1/2 |ηEW |2 |Vcb |2 χ(w)|F(w)|2 ,
4π 3

(227)
(228)

where w = vB · vD(∗) (depending on whether the final-state meson is D or D∗ ) and ηEW =
1.0066 is the 1-loop electroweak correction [96]. The function χ(w) in Eq. (227) depends on
the recoil w and the meson masses, and reduces to unity at zero recoil [73]. These formulas do
not include terms that are proportional to the lepton mass squared, which can be neglected
for ℓ = e, µ. Further details of the definitions of F and G may be found, e.g., in Ref. [73]. Until
recently, most unquenched lattice calculations for B → D∗ ℓν and B → Dℓν decays focused
∗
on the form factors at zero recoil F B→D (1) and G B→D (1); these can then be combined with
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experimental input to extract |Vcb |. The main reasons for concentrating on the zero recoil point
are that (i) the decay rate then depends on a single form factor, and (ii) for B → D∗ ℓν, there
are no O(ΛQCD /mQ ) contributions due to Luke’s theorem [97]. Further, the zero recoil form
factor can be computed via a double ratio in which most of the current renormalization cancels
and heavy-quark discretization errors are suppressed by an additional power of ΛQCD /mQ .
Recent work on B → D(∗) ℓν transitions has started to explore the dependence of the relevant
form factors on the momentum transfer, using a similar methodology to the one employed in
B → πℓν transitions; we refer the reader to Sec. 8.3 for a detailed discussion.
Early computations of the form factors for B → Dℓν decays include Nf = 2 + 1 results by
FNAL/MILC [98, 99] for G B→D (1) and the Nf = 2 study by Atoui et al. [100], that in addition
to providing G B→D (1) explored the w > 1 region. This latter work also provided the first
results for Bs → Ds ℓν amplitudes, again including information about the momentum-transfer
dependence; this will allow for an independent determination of |Vcb | as soon as experimental
∗
data is available for these transitions. The first published unquenched results for F B→D (1),
obtained by FNAL/MILC, date from 2008 [101]. In 2014 and 2015, significant progress was
∗
achieved in Nf = 2 + 1 computations: the FNAL/MILC value for F B→D (1) was updated
in Ref. [102], and full results for B → Dℓν at w ≥ 1 were published by FNAL/MILC [103]
and HPQCD [104]. These works also provided full results for the scalar form factor, allowing
analysis of the decay with a final-state τ . Since the previous version of this review, there are
new results for Bs → Ds ℓν form factors over the full kinematic range for Nf = 2 + 1 from
∗ ℓν form factors at zero recoil with N = 2 + 1 + 1 also
HPQCD [105, 106], and for B(s) → D(s)
f
from HPQCD [107, 108]. There has also been significant progress on heavy-baryon decay.
Reference [109] calculates the tensor form factors for decay Λb → Λc τ ν τ and considers the
phenomenological implications.
In the discussion below, we mainly concentrate on the latest generation of results, which
supersedes previous Nf = 2 + 1 determinations and allows for an extraction of |Vcb | that
incorporates information about the q 2 -dependence of the decay rate (cf. Sec. 8.8).
8.4.1

B(s) → D(s) decays

We will first discuss the Nf = 2 + 1 computations of B → Dℓν by FNAL/MILC and HPQCD
mentioned above, both based on MILC asqtad ensembles. Full details about all the computations are provided in Tab. 48 and in the tables in Appendix B.6.5.
The FNAL/MILC study [103] employs ensembles at four values of the lattice spacing
ranging between approximately 0.045 fm and 0.12 fm, and several values of the light-quark
mass corresponding to pions with RMS masses ranging between 260 MeV and 670 MeV (with
just one ensemble with MπRMS ≃ 330 MeV at the finest lattice spacing). The b and c quarks
are treated using the Fermilab approach. The quantities directly studied are the form factors
h± defined by
hD(pD )|ic̄γµ b|B(pB )i
√
mD mB

= h+ (w)(vB + vD )µ + h− (w)(vB − vD )µ ,

(229)

which are related to the standard vector and scalar form factors by
f+ (q 2 ) =
f0 (q 2 )

1
√
2 r

[(1 + r)h+ (w) − (1 − r)h− (w)] ,
i
√ h 1+w
1−w
= r 1+r h+ (w) + 1−r h− (w) ,
31
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with r = mD /mB . (Recall that q 2 = (pB −pD )2 = m2B +m2D −2wmB mD .) The hadronic form
factor relevant for experiment, G(w), is then obtained from the relation G(w) = 4rf+ (q 2 )/(1+
r). The form factors are obtained from double ratios of three-point functions in which the
flavour-conserving current renormalization factors cancel. The remaining matching factor
ρV µ is estimated with 1-loop lattice perturbation theory. In order to obtain h± (w), a joint
cb
continuum-chiral fit is performed to an ansatz that contains the light-quark mass and latticespacing dependence predicted by next-to-leading order HMrSχPT, and the leading dependence on mc predicted by the heavy-quark expansion (1/m2c for h+ and 1/mc for h− ). The
w-dependence, which allows for an interpolation in w, is given by analytic terms up to (1−w)2 ,
2
as well as a contribution from the logarithm proportional to gD
∗ Dπ . The total resulting systematic error is 1.2% for f+ and 1.1% for f0 . This dominates the final error budget for
the form factors. After f+ and f0 have been determined as functions of w within the interval of values of q 2 covered by the computation, synthetic data points are generated to be
subsequently fitted to a z-expansion of the BGL form, cf. Sec. 8.3, with pole factors set to
unity. This in turn enables one to determine |Vcb | from a joint fit of this z-expansion and
experimental data. The value of the zero-recoil form factor resulting from the z-expansion is
G B→D (1) = 1.054(4)stat (8)sys .

(232)

The HPQCD computations [104, 106] use ensembles at two values of the lattice spacing,
a = 0.09, 0.12 fm, and two and three values of light-quark masses, respectively. The b quark
is treated using NRQCD, while for the c quark the HISQ action is used. The form factors
studied, extracted from suitable three-point functions, are
q
q
(s)
(s)
hD(s) (pD(s) )|V 0 |B(s) i = 2MB(s) fk ,
hD(s) (pD(s) )|V k |B(s) i = 2MB(s) pkD(s) f⊥ , (233)
where Vµ is the relevant vector current and the B(s) rest frame is assumed. The standard
vector and scalar form factors are retrieved as
(s)

f+

(s)
f0

=
=

q

2M

(s)
q 1
f
2MB(s) k

B(s)
2
2
MB
−MD
(s)
(s)

+

q 1
(MB(s)
2MB(s)

(s)

− ED(s) )f⊥ ,

(234)

h
i
(s)
(s)
2
(MB(s) − ED(s) )fk + (MB2 (s) − ED
)f
.
⊥
(s)

(235)

The currents in the effective theory are matched at 1-loop to their continuum counterparts.
Results for the form factors are then fitted to a modified BCL z-expansion ansatz, that takes
into account simultaneously the lattice spacing, light-quark masses, and q 2 -dependence. For
the mass dependence NLO chiral logarithms are included, in the form obtained in hard-pion
χPT. As in the case of the FNAL/MILC computation, once f+ and f0 have been determined
as functions of q 2 , |Vcb | can be determined from a joint fit of this z-expansion and experimental
data. The works quote for the zero-recoil vector form factor the result
G B→D (1) = 1.035(40)

G Bs →Ds (1) = 1.068(4) .

(236)

The HPQCD and FNAL/MILC results for B → D differ by less than half a standard deviation (assuming they are uncorrelated, which they are not as some of the ensembles are
common) primarily because of lower precision of the former result. The HPQCD central
value is smaller by 1.8 of the FNAL/MILC standard deviations than the FNAL/MILC value.
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The dominant source of errors in the |Vcb | determination by HPQCD are discretization effects
and the systematic uncertainty associated with the perturbative matching.
In order to combine the form factors determinations of HPQCD and FNAL/MILC into
a lattice average, we proceed in a similar way as with B → πℓν and Bs → Kℓν above.
FNAL/MILC quotes synthetic values for the form factors at three values of w (or, alternatively, q 2 ) with a full correlation matrix, which we take directly as input. In the case of
HPQCD, we use their preferred modified z-expansion parameterization to produce synthetic
values of the form factors at two different values of q 2 . This leaves us with a total of five data
points in the kinematical range w ∈ [1.00, 1.11]. As in the case of B → πℓν, we conservatively
assume a 100% correlation of statistical uncertainties between HPQCD and FNAL/MILC.
We then fit this data set to a BCL ansatz, using t+ = (MB 0 + MD± )2 ≃ 51.12 GeV2 and
√
√
t0 = (MB 0 + MD± )( MB 0 − MD± )2 ≃ 6.19 GeV2 . In our fits, pole factors have been set
to unity—i.e., we do not take into account the effect of sub-threshold poles, which is then
implicitly absorbed into the series coefficients. The reason for this is our imperfect knowledge
of the relevant resonance spectrum in this channel, which does not allow us to decide the precise number of poles needed.14 This in turn implies that unitarity bounds do not rigorously
apply, which has to be taken into account when interpreting the results (cf. Appendix A.5).
With a procedure similar to what we adopted for the B → π and Bs → K cases, we impose the kinematic constraint at q 2 = 0 by expressing the a0N 0 −1 coefficient in the z-expansion
of f0 in terms of all other coefficients. As mentioned above, FNAL/MILC provides synthetic
data for f+ and f0 including correlations; HPQCD presents the result of simultaneous z-fits
to the two form factors including all correlations, thus enabling us to generate a complete
set of synthetic data for f+ and f0 . Since both calculations are based on MILC ensembles,
we then reconstruct the off-diagonal HPQCD-FNAL/MILC entries of the covariance matrix
by conservatively assuming that statistical uncertainties are 100% correlated. The Fermilab/MILC (HPQCD) statistical error is 58% (31%) of the total error for every f+ value, and
64% (49%) for every f0 one. Using this information we can easily build the off-diagonal block
of the overall covariance matrix (e.g., the covariance between [f+ (q12 )]FNAL and [f0 (q22 )]HPQCD
is (δ[f+ (q12 )]FNAL × 0.58) (δ[f0 (q22 )]HPQCD × 0.49), where δf is the total error).
For our central value, we choose an N + = N 0 = 3 BCL fit, shown in Tab. 47. The
+ +
coefficient a+
3 can be obtained from the values for a0 –a2 using Eq. (446). The fit is illustrated
in Fig. 30.
Reference [100] is the only existing Nf = 2 work on B → Dℓν transitions, that furthermore
provided the first available results for Bs → Ds ℓν. This computation uses the publicly
available ETM configurations obtained with the twisted-mass QCD action at maximal twist.
Four values of the lattice spacing, ranging between 0.054 fm and 0.098 fm, are considered, with
physical box lengths ranging between 1.7 fm and 2.7 fm. At two values of the lattice spacing
two different physical volumes are available. Charged-pion masses range between ≈ 270 MeV
and ≈ 490 MeV, with two or three masses available per lattice spacing and volume, save for
the a ≈ 0.054 fm point at which only one light mass is available for each of the two volumes.
The strange- and heavy-valence quarks are also treated with maximally twisted-mass QCD.
The quantities of interest are again the form factors h± defined above. In order to control
discretization effects from the heavy quarks, a strategy similar to the one employed by the
14

As noted above, this is the same approach adopted by FNAL/MILC in their fits to a BGL ansatz. HPQCD,
meanwhile, uses one single pole in the pole factors that enter their modified z-expansion, using their spectral
studies to fix the value of the relevant resonance masses.
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B → D (Nf = 2 + 1)
ain Central Values
Correlation Matrix
+
a0
0.909 (14)
1
0.737 0.594 0.976
+
a1
−7.11 (65)
0.737
1
0.940 0.797
a+
66
(11)
0.594
0.940
1
0.666
2
0
a0
0.794 (12)
0.976
0.797 0.666
1
0
a1
−2.45 (65)
− 0.777 0.992 0.938 0.818

1902.08191

0.777
0.992
0.938
0.818
1

Table 47: Coefficients and correlation matrix for the N + = N 0 = 3 z-expansion of the B → D
form factors f+ and f0 .

Figure 30: The form factors f+ (q 2 ) and f0 (q 2 ) for B → Dℓν plotted versus z. (See text for a
discussion of the data sets.) The grey and salmon bands display our preferred N + = N 0 = 3
BCL fit (five parameters) to the plotted data with errors.

ETM collaboration in their studies of B-meson decay constants (cf. Sec. 8.1) is employed:
the value of G(w) is computed at a fixed value of mc and several values of a heavier quark
(k)
mass mh = λk mc , where λ is a fixed scaling parameter, and step-scaling functions are built
as
k+1 m ,m ,a2 )
c
c
Σk (w) = G(w,λ
.
(237)
G(w,λk mc ,mc ,a2 )
Each ratio is extrapolated to the continuum limit, σk (w) = lima→0 Σk (w). One then exploits
the fact that the mh → ∞ limit of the step-scaling is fixed—in particular, it is easy to find
from the heavy-quark expansion that limmh →∞ σ(1) = 1. In this way, the physical result at
the b-quark mass can be reached by interpolating σ(w) between the charm region (where the
computation can be carried out with controlled systematics) and the known static limit value.
In practice, the values of mc and ms are fixed at each value of the lattice spacing such
that the experimental kaon and Ds masses are reached at the physical point, as determined
in Ref. [110]. For the scaling parameter, λ = 1.176 is chosen, and eight scaling steps are
performed, reaching mh /mc = 1.1769 ≃ 4.30, approximately corresponding to the ratio of the
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physical b- and c-masses in the MS scheme at 2 GeV. All observables are obtained from ratios
that do not require (re)normalization. The ansatz for the continuum and chiral extrapolation
of Σk contains a constant and linear terms in msea and a2 . Twisted boundary conditions
in space are used for valence-quark fields for better momentum resolution. Applying this
strategy the form factors are finally obtained at four reference values of w between 1.004 and
1.062, and, after a slight extrapolation to w = 1, the result is quoted
G Bs →Ds (1) = 1.052(46) .

(238)

The authors also provide values for the form factor relevant for the meson states with lightvalence quarks, obtained from a similar analysis to the one described above for the Bs → Ds
case. Values are quoted from fits with and without a linear msea /ms term in the chiral
extrapolation. The result in the former case, which safely covers systematic uncertainties, is
G B→D (1) = 1.033(95) .

(239)

Given the identical strategy, and the small sensitivity of the ratios used in their method to
the light valence- and sea-quark masses, we assign this result the same ratings in Tab. 48
as those for their calculation of G Bs →Ds (1). Currently the precision of this calculation is
not competitive with that of Nf = 2 + 1 works, but this is due largely to the small number
of configurations analysed by Atoui et al. The viability of their method has been clearly
demonstrated, however, which leaves significant room for improvement on the errors of both
the B → D and Bs → Ds form factors with this approach by including either additional
two-flavour data or analysing more recent ensembles with Nf > 2.
Finally, Atoui et al. also study the scalar and tensor form factors, as well as the momentumtransfer dependence of f+,0 . The value of the ratio f0 (q 2 )/f+ (q 2 ) is provided at a reference
value of q 2 as a proxy for the slope of G(w) around the zero-recoil limit.
8.4.2

Ratios of B → Dℓν form factors

The availability of results for the scalar form factor f0 for B → Dℓν amplitudes allows us to
study interesting observables that involve the decay in the τ channel. One such quantity is
the ratio
R(D) = B(B → Dτ ν)/B(B → Dℓν)
with ℓ = e, µ ,
(240)

which is sensitive to f0 , and can be accurately determined by experiment.15 Indeed, the recent
availability of experimental results for R(D) has made this quantity particularly relevant in
the search for possible physics beyond the Standard Model. Both FNAL/MILC and HPQCD
provide values for R(D) from their recent form factor computations, discussed above. The
quoted values by FNAL/MILC and HPQCD are
R(D) = 0.299(11) Ref. [103] ,

R(D) = 0.300(8) Ref. [104] .

(241)

These results are in excellent agreement, and can be averaged (using the same considerations
for the correlation between the two computations as we did in the averaging of form factors)
into
R(D) = 0.300(8) ,
our average.
(242)
15
A similar ratio R(D∗ ) can be considered for B → D∗ transitions — as a matter of fact, the experimental
value of R(D∗ ) is significantly more accurate than the one of R(D). However, the absence of lattice results
for the B → D∗ scalar form factor, and indeed of results at nonzero recoil (see below), takes R(D∗ ) out of our
current scope.
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This result is about 2.3σ lower than the current experimental average for this quantity. It
has to be stressed that achieving this level of precision critically depends on the reliability
with which the low-q 2 region is controlled by the parameterizations of the form factors. It is
also worth mentioning that if experimental data for B → Dℓν are used to further constrain
R(D) as part of a global fit, it is possible to decrease the error substantially, cf. the value
R(D) = 0.299(3) quoted in [111].
HPQCD also computes a new value for R(Ds ), the analog of R(D), with both heavy-light
mesons containing a strange quark [106]:
R(Ds ) = 0.301(6) .

(243)

Another area of immediate interest in searches for physics beyond the Standard Model is
the measurement of Bs → µ+ µ− decays, recently studied at the LHC.16 In addition to the
Bs decay constant (see Sec. 8.1), one of the hadronic inputs required by the LHCb analysis is
the ratio of Bq meson (q = d, s) fragmentation fractions fs /fd . A dedicated Nf = 2 + 1 study
(q)
by FNAL/MILC17 [112] addresses the ratios of scalar form factors f0 (q 2 ), and quotes:
(s)

(d)

2
f0 (Mπ2 )/f0 (MK
) = 1.046(44)(15),

(s)

(d)

f0 (Mπ2 )/f0 (Mπ2 ) = 1.054(47)(17),

(244)

where the first error is statistical and the second systematic. The more recent results from
HPQCD [106] are:
(s)

(d)

(s)

2
f0 (Mπ2 )/f0 (MK
) = 1.000(62),

(d)

f0 (Mπ2 )/f0 (Mπ2 ) = 1.006(62).

(245)

Results from both groups lead to fragmentation fraction ratios fs /fd that are consistent with
LHCb’s measurements via other methods [113].
8.4.3

B → D∗ decays

The most precise computation of the zero-recoil form factors needed for the determination
of |Vcb | from exclusive B semileptonic decays comes from the B → D∗ ℓν form factor at zero
∗
recoil F B→D (1), calculated by the FNAL/MILC collaboration. The original computation,
published in Ref. [101], has now been updated [102] by employing a much more extensive
set of gauge ensembles and increasing the statistics of the ensembles originally considered,
while preserving the analysis strategy. There is currently no unquenched computation of the
relevant form factors at nonzero recoil.
This work uses the MILC Nf = 2 + 1 ensembles. The bottom and charm quarks are simulated using the clover action with the Fermilab interpretation and light quarks are treated via
the asqtad staggered fermion action. Recalling the definition of the form factors in Eq. (225),
∗
at zero recoil F B→D (1) reduces to a single form factor hA1 (1) coming from the axial-vector
current
√
∗
(246)
hD∗ (v, ǫ′ )|Aµ |B(v)i = i 2mB 2mD∗ ǫ′µ hA1 (1),
where ǫ′ is the polarization of the D∗ . The form factor is accessed through a ratio of threepoint correlators, viz.,
RA 1 =

hD ∗ |c̄γj γ5 b|Bi hB|b̄γj γ5 c|D ∗ i
hD ∗ |c̄γ4 c|D ∗ i hB|b̄γ4 b|Bi

= |hA1 (1)|2 .

(247)

16

See Ref. [1] for initial results, obtained from a joint analysis of CMS and LHCb data. These results have
been updated by LHCb [2] and are now in good agreement with the SM prediction.
17
This work also provided a value for R(D), now superseded by Ref. [103].
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Simulation data is obtained on MILC ensembles with five lattice spacings, ranging from
a ≈ 0.15 fm to a ≈ 0.045 fm, and as many as five values of the light-quark masses per
ensemble (though just one at the finest lattice spacing). Results are then extrapolated to the
physical, continuum/chiral, limit employing staggered χPT.
The D∗ meson is not a stable particle in QCD and decays predominantly into a D plus a
pion. Nevertheless, heavy-light meson χPT can be applied to extrapolate lattice simulation
results for the B → D∗ ℓν form factor to the physical light-quark mass. The D ∗ width is quite
narrow, 0.096 MeV for the D∗± (2010) and less than 2.1 MeV for the D∗0 (2007), making this
system much more stable and long lived than the ρ or the K ∗ systems. The fact that the
D∗ − D mass difference is close to the pion mass leads to the well-known “cusp” in RA1 just
above the physical pion mass [114–116]. This cusp makes the chiral extrapolation sensitive to
values used in the χPT formulas for the D∗ Dπ coupling gD∗ Dπ . The error budget in Ref. [102]
includes a separate error of 0.3% coming from the uncertainty in gD∗ Dπ in addition to general
chiral extrapolation errors in order to take this sensitivity into account.
The final updated value presented in Ref. [102] is
∗

Nf = 2 + 1 : F B→D (1) = 0.906(4)(12) ,

(248)

where the first error is statistical, and the second the sum of systematic errors added in
quadrature, making up a total error of 1.4% (down from the original 2.6% of Ref. [101]).
The largest systematic uncertainty comes from discretization errors followed by effects of
higher-order corrections in the chiral perturbation theory ansatz.
Since the previous version of this review, the HPQCD collaboration has published the
∗ ℓν form factors at zero recoil for N = 2 + 1 + 1 using eight MILC
first study of B(s) → D(s)
f
ensembles with lattice spacing a ≈ 0.15, 0.12, and 0.09 [106]. There are three ensembles with
varying light-quark masses for the two coarser lattice spacings and two choices of light-quark
mass for the finest lattice spacing. In each case, there is one ensemble for which the lightquark mass is very close to the physical value. The b quark is treated using NRQCD and the
light quarks are treated using the HISQ action. The resulting zero-recoil form factors are:
∗

Nf = 2 + 1 + 1 : F B→D (1) = 0.895(10)(24) ,

∗

F Bs →Ds (1) = 0.883(12)(28) .

(249)

At Lattice 2018, two groups presented preliminary results for the B → D∗ ℓν semileptonic
decay. From JLQCD, there was a poster describing their calculations for zero and nonzero
recoil using Nf = 2 + 1 Möbius domain-wall ensembles. Two lattice spacings of roughly 0.079
and 0.055 fm were used with bottom-quark mass limited to 2.4 times the charm-quark mass
to control the heavy-quark discretization effects. In addition, JLQCD is studying B → Dℓν.
From FNAL/MILC there was a presentation of preliminary results using 15 Nf = 2 + 1
asqtad sea-quark ensembles with lattice spacing between approximately 0.15 and 0.045 fm.
The heavy quarks are treated using the clover action with the Fermilab interpretation. In
(∗)
addition, HPQCD presented preliminary results for Bs → Ds ℓν using HISQ quarks for all
valence and sea quarks. The calculation uses three of MILC’s Nf = 2 + 1 + 1 HISQ ensembles
with a ≈ 0.09, 0.06 and 0.045 fm. An advantage of the all-HISQ approach is that there is no
need for perturbative renormalization of the axial-vector- or vector-current.

8.5

Semileptonic form factors for Bc → ηc ℓν and Bc → J/ψℓν

In 2016, preliminary results for the decays Bc → ηc ℓν and Bc → J/ψℓν were presented at
two conferences by the HPQCD collaboration [117, 118]. The calculations use both NRQCD
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Nf

pu

b li

S. Aoki et al.

Atoui 13
[100]
HPQCD 15, HPQCD 17[104, 106]
FNAL/MILC 15C
[103]

2
2+1
2+1

A
A
A

⋆

Atoui 13
[100]
HPQCD 15, HPQCD 17[104, 106]

2
2+1

A
A

⋆

FNAL/MILC 14

[102]

2+1

A

⋆

HPQCD 17B

[108]

2+1+1

A

HPQCD 17B

[108]

2+1+1
2+1
2+1

Collaboration

Ref.

FNAL/MILC 15C
[103]
HPQCD 15, HPQCD 17[104, 106]

w = 1 form factor / ratio

◦ ⋆ — X
◦ ◦ ◦ ◦ X
⋆ ◦ ⋆ ◦
X

G B→D (1)
G B→D (1)
G B→D (1)

◦ ⋆ — X
◦ ◦ ◦ ◦ X

G Bs →Ds (1)
G Bs →Ds (1)

⋆

◦

◦

⋆

⋆

A

◦

⋆

⋆

A
A

⋆

◦ X
◦ X

F B→D (1)

◦ X

F Bs →Ds (1)

◦ ⋆ ◦ X
◦ ◦ ◦ ◦ X

1.033(95)
1.035(40)
1.054(4)(8)
1.052(46)
1.068(40)

∗

0.906(4)(12)

∗

0.895(10)(24)

F B→D (1)
∗

R(D)
R(D)

0.883(12)(28)
0.299(11)
0.300(8)

(∗)

Table 48: Lattice results for the B(s) → D(s) ℓν semileptonic form factors and R(D(s) ).

and HISQ actions for the valence b quark, and the HISQ action for the c quark (both valence
and sea). The calculations were done using five ensembles from the MILC collaboration
with Nf = 2 + 1 + 1 and lattice spacings between approximately 0.15 and 0.045 fm. Only
ensembles with ml /ms = 0.2 are used although ones with a physical light-quark mass are
available. For the HISQ formalism, a range of heavy-quark masses obeying amh < 0.8 is
used and an extrapolation mh → mb is made. Comparison of results using NRQCD and
HISQ allows an improved normalization for the NRQCD currents as the HISQ currents do
not require renormalization.

8.6

Semileptonic form factors for Λb → pℓν and Λb → Λc ℓν

Lattice-QCD computations for heavy-quark physics has been extended to the study of semileptonic decays of the Λb baryon, with first unquenched results away from the static limit provided in a work by Detmold, Lehner, and Meinel [119].18 The importance of this result is that,
together with a recent analysis by LHCb of the ratio of decay rates Γ(Λb → pℓν)/Γ(Λb →
Λc ℓν) [122], it allows for an exclusive determination of the ratio |Vub |/|Vcb | largely independent
18

Previous unquenched computations in the static limit, performed with a very similar setup, can be found
in Refs. [120, 121].
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from the outcome of different exclusive channels, thus contributing a very interesting piece
of information to the existing tensions in the determination of third-column CKM matrix
elements (cf. Secs. 8.7, and 8.8).
The amplitudes of the decays Λb → pℓν and Λb → Λc ℓν receive contributions from both
the vector and the axial components of the current in the matrix elements hp|q̄γ µ (1 − γ5 )b|Λb i
and hΛc |q̄γ µ (1−γ5 )b|Λb i, and can be parameterized in terms of six different form factors—see,
e.g., Ref. [123] for a complete description. They split into three form factors f+ , f0 , f⊥ in the
parity-even sector, mediated by the vector component of the current, and another three form
factors g+ , g0 , g⊥ in the parity-odd sector, mediated by the axial component. All of them
provide contributions that are parametrically comparable.
The computation of Detmold et al. uses RBC/UKQCD Nf = 2 + 1 DWF ensembles, and
treats the b and c quarks within the Columbia RHQ approach. Two values of the lattice
spacing (a ∼ 0.112, 0.085 fm) are considered, with the absolute scale set from the Υ(2S)–
Υ(1S) splitting. Sea pion masses lie in a narrow interval ranging from slightly above 400 MeV
to slightly below 300 MeV, keeping mπ L & 4; however, lighter pion masses are considered
in the valence DWF action for the u, d quarks, leading to partial quenching effects in the
chiral extrapolation. More importantly, this also leads to values of Mπ,min L close to 3.0 (cf.
Appendix B.6.3 for details); compounded with the fact that there is only one lattice volume
in the computation, an application of the FLAG criteria would lead to a ¥ rating for finitevolume effects. It has to be stressed, however, that our criteria have been developed in the
context of meson physics, and their application to the baryon sector is not straightforward;
as a consequence, we will refrain from providing a conclusive rating of this computation for
the time being.
Results for the form factors are obtained from suitable three-point functions, and fitted to
a modified z-expansion ansatz that combines the q 2 -dependence with the chiral and continuum
extrapolations. The main results of the paper are the predictions (errors are statistical and
systematic, respectively)
Z qmax
2
dΓ(Λb →pµ− ν̄µ )
2
1
dq 2
= 12.31(76)(77) ps−1 ,
(250)
ζpµν̄ (15GeV ) ≡ |Vub |2
dq 2
ζΛc µν̄ (7GeV2 ) ≡
ζpµν̄ (15GeV2 )
ζΛc µν̄ (7GeV2 )

1
|Vcb |2

Z

15 GeV2
2
qmax
dΓ(Λb →Λc µ− ν̄µ )
dq 2
7 GeV2

= 1.471(95)(109) ,

dq 2

= 8.37(16)(34) ps−1 ,

(251)
(252)

which are the input for the LHCb analysis. Predictions for the total rates in all possible lepton
channels, as well as for ratios similar to R(D) (cf. Sec. 8.4) between the τ and light-lepton
channels are also available.
Since the previous version of this review, there have been three papers [109, 124, 125]
extending study of the Λb and two [126, 127] studying the Λc . Reference [124] studies the
rare decay Λb → Λℓ+ ℓ− . The lattice setup is identical, and similar considerations as above
thus apply. Furthermore, the renormalization of the tensor current is carried out adopting
a mostly nonperturbative renormalization strategy, without however computing the residual
renormalization factor ρT µν , which is set to its tree-level value. While the matching systematic
uncertainty is augmented to take this fact into account, the procedure implies that the current
retains an uncanceled logarithmic divergence at O(αs ).
Reference [125] is an exploratory study of the decay Λb → Λ(1520)ℓ+ ℓ− using a single
gauge ensemble presented at Lattice 2016. Reference [109] includes new results for Λb → Λc
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for the tensor form factors. The main focus of this paper is the phenomenology of the
Λb → Λc τ ν τ decay and how it can be used to limit contributions from beyond the standard
model physics.

8.7

Determination of |Vub |

We now use the lattice-determined Standard Model transition amplitudes for leptonic (Sec. 8.1)
and semileptonic (Sec. 8.3) B-meson decays to obtain exclusive determinations of the CKM
matrix element |Vub |. In this section, we describe the aspect of our work that involves experimental input for the relevant charged-current exclusive decay processes. The relevant
formulae are Eqs. (190) and (221). Among leptonic channels the only input comes from
B → τ ντ , since the rates for decays to e and µ have not yet been measured. In the semileptonic case we only consider B → πℓν transitions (experimentally measured for ℓ = e, µ). As
discussed in Secs. 8.3 and 8.6, there are now lattice predictions for the rates of the decays
Bs → Kℓν and Λb → pℓν; however, in the former case the process has not been experimentally measured yet, while in the latter case the only existing lattice computation does not
meet FLAG requirements for controlled systematics.
We first investigate the determination of |Vub | through the B → τ ντ transition. This
is the only experimentally measured leptonic decay channel of the charged B meson. The
experimental measurements of the branching fraction of this channel, B(B − → τ − ν̄), have
not been updated since the publication of the previous FLAG report [33]. In Tab. 49 we
summarize the current status of experimental results for this branching fraction.
Collaboration

Tagging method

B(B − → τ − ν̄) × 104

Belle [128]
Belle [5]

Hadronic
Semileptonic

0.72+0.27
−0.25 ± 0.11
1.25 ± 0.28 ± 0.27

BaBar [4]
BaBar [129]

Hadronic
Semileptonic

1.83+0.53
−0.49 ± 0.24
1.7 ± 0.8 ± 0.2

Table 49: Experimental measurements for B(B − → τ − ν̄). The first error on each result is
statistical, while the second error is systematic.
It is obvious that all the measurements listed in Tab. 49 have significance smaller than
5σ, and the large uncertainties are dominated by statistical errors. These measurements lead
to the averages of experimental measurements for B(B − → τ ν̄) [4, 5],
B(B − → τ ν̄) × 104 = 0.91 ± 0.22 from Belle,

= 1.79 ± 0.48 from BaBar,

= 1.06 ± 0.33 average,

(253)
(254)
(255)

where, following our standard procedure we perform a weighted average and rescale the
uncertainty by the square root of the reduced chi-squared. Note that the Particle Data
Group [3] did not inflate the uncertainty in the calculation of the averaged branching ratio.

40

Updated Dec. 2020

S. Aoki et al.

FLAG Review 2019

1902.08191

Combining the results in Eqs. (252–254) with the experimental measurements of the mass
of the τ -lepton and the B-meson lifetime and mass we get
|Vub |fB = 0.72 ± 0.09 MeV from Belle,

(256)

= 1.01 ± 0.14 MeV from BaBar,

(257)

= 0.77 ± 0.12 MeV average,

(258)

which can be used to extract |Vub |, viz.,
Nf = 2
Nf = 2 + 1
Nf = 2 + 1 + 1
Nf = 2
Nf = 2 + 1
Nf = 2 + 1 + 1
Nf = 2
Nf = 2 + 1
Nf = 2 + 1 + 1

Belle B → τ ντ :
Belle B → τ ντ :

Belle B → τ ντ :
Babar B → τ ντ :

|Vub | = 3.83(14)(48) × 10−3 ,

|Vub | = 3.75(8)(47) × 10

−3

(259)

,

(260)

|Vub | = 3.79(3)(47) × 10−3 ;

(261)

|Vub | = 5.37(20)(74) × 10−3 ,

(262)

Babar B → τ ντ :

|Vub | = 5.26(12)(73) × 10−3 ,

(263)

average B → τ ντ :

|Vub | = 4.10(15)(64) × 10−3 ,

(265)

Babar B → τ ντ :

average B → τ ντ :

average B → τ ντ :

|Vub | = 5.32(4)(74) × 10

|Vub | = 4.01(9)(63) × 10

|Vub | = 4.05(3)(64) × 10

−3

,

(264)

−3

,

(266)

−3

,

(267)

where the first error comes from the uncertainty in fB and the second comes from experiment.
Let us now turn our attention to semileptonic decays. The experimental value of |Vub |f+ (q 2 )
can be extracted from the measured branching fractions for B 0 → π ± ℓν and/or B ± → π 0 ℓν
applying Eq. (221);19 |Vub | can then be determined by performing fits to the constrained BCL
z-parameterization of the form factor f+ (q 2 ) given in Eq. (447). This can be done in two
ways: one option is to perform separate fits to lattice and experimental results, and extract
the value of |Vub | from the ratio of the respective a0 coefficients; a second option is to perform a simultaneous fit to lattice and experimental data, leaving their relative normalization
|Vub | as a free parameter. We adopt the second strategy, because it combines the lattice and
experimental input in a more efficient way, leading to a smaller uncertainty on |Vub |.
The available state-of-the-art experimental input consists of five data sets: three untagged
measurements by BaBar (6-bin [130] and 12-bin [131]) and Belle [132], all of which assume
isospin symmetry and provide combined B 0 → π − and B + → π 0 data; and the two tagged
Belle measurements of B̄ 0 → π + (13-bin) and B − → π 0 (7-bin) [133]. Including all of
them, along with the available information about cross-correlations, will allow us to obtain
a meaningful final error estimate.20 The lattice input data set will be the same discussed in
Sec. 8.3.
We perform a constrained BCL fit of the vector and scalar form factors (this is necessary in
order to take into account the f+ (q 2 = 0) = f0 (q 2 = 0) constraint) together with the combined
experimental data sets. We find that the error on |Vub | stabilizes for (N + = N 0 = 3). The
result of the combined fit is presented in Tab. 50.
19
20

Since ℓ = e, µ the contribution from the scalar form factor in Eq. (221) is negligible.
See, e.g., Sec. V.D of [59] for a detailed discussion.
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B → πℓν (Nf = 2 + 1)
Central Values
3
Vub × 10
3.73 (14)
+
a0
0.414 (12)
a+
−0.494
(44)
1
+
a2
−0.31 (16)
0
a0
0.499 (19)
0
a1
−1.426 (46)

FLAG Review 2019

1
0.852
0.345
−0.374
0.211
0.247

0.852
1
0.154
−0.456
0.259
0.144

1902.08191

Correlation Matrix
0.345
−0.374
0.211
0.154
−0.456
0.259
1
−0.797 −0.0995
−0.797
1
0.0160
−0.0995 0.0160
1
0.223
−0.0994 −0.467

0.247
0.144
0.223
−0.0994
−0.467
1

Table 50: |Vub |, coefficients for the N + = N 0 = N T = 3 z-expansion of the B → π form
factors f+ and f0 , and their correlation matrix.
In Fig. 31 we show both the lattice and experimental data for (1 − q 2 /m2B ∗ )f+ (q 2 ) as a
function of z(q 2 ), together with our preferred fit; experimental data has been rescaled by the
resulting value for |Vub |2 . It is worth noting the good consistency between the form factor
shapes from lattice and experimental data. This can be quantified, e.g., by computing the
ratio of the two leading coefficients in the constrained BCL parameterization: the fit to lattice
+
form factors yields a+
1 /a0 = −1.67(35) (cf. the results presented in Sec. 8.3.1), while the above
+
lattice+experiment fit yields a+
1 /a0 = −1.19(13).
We plot the values of |Vub | we have obtained in Fig. 33, where the (GGOU) determination
through inclusive decays by the Heavy Flavour Averaging Group (HFLAV) [134], yielding
−3
|Vub | = 4.52(15)(+11
−14 ) × 10 , is also shown for comparison. In this plot the tension between
the BaBar and the Belle measurements of B(B − → τ − ν̄) is manifest. As discussed above, it
is for this reason that we do not extract |Vub | through the average of results for this branching
fraction from these two collaborations. In fact this means that a reliable determination of
|Vub | using information from leptonic B-meson decays is still absent; the situation will only
clearly improve with the more precise experimental data expected from Belle II [135, 136].
The value for |Vub | obtained from semileptonic B decays for Nf = 2 + 1, on the other hand,
is significantly more precise than both the leptonic and the inclusive determinations, and
exhibits the well-known ∼ 3σ tension with the latter.

8.8

Determination of |Vcb |

We will now use the lattice-QCD results for the B → D(∗) ℓν form factors in order to obtain determinations of the CKM matrix element |Vcb | in the Standard Model. The relevant
formulae are given in Eq. (227).
Let us summarize the lattice input that satisfies FLAG requirements for the control of systematic uncertainties, discussed in Sec. 8.4. In the (experimentally more precise) B → D∗ ℓν
∗
channel, there is only one Nf = 2 + 1 lattice computation of the relevant form factor F B→D
at zero recoil. Concerning the B → Dℓν channel, for Nf = 2 there is one determination of the
relevant form factor G B→D at zero recoil;21 while for Nf = 2 + 1 there are two determinations
of the B → D form factor as a function of the recoil parameter in roughly the lowest third
of the kinematically allowed region. In this latter case, it is possible to replicate the analysis
21

The same work provides G Bs →Ds , for which there are, however, no experimental data.
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Figure 31: Lattice and experimental data for (1 − q 2 /m2B ∗ )f+B→π (q 2 ) and f0B→π (q 2 ) versus
z. Green symbols denote lattice-QCD points included in the fit, while blue and indigo points
show experimental data divided by the value of |Vub | obtained from the fit. The grey and
orange bands display the preferred N + = N 0 = 3 BCL fit (six parameters) to the lattice-QCD
and experimental data with errors.

carried out for |Vub | in Sec. 8.7, and perform a joint fit to lattice and experimental data; in
the former, the value of |Vcb | has to be extracted by matching to the experimental value for
∗
F B→D (1)ηEW |Vcb | and G B→D (1)ηEW |Vcb |.
The latest experimental average by HFLAV [134] for the B → D∗ form factor at zero
recoil makes use of the CLN [137] parameterization of the B → D∗ form factor and is
∗

[F B→D (1)ηEW |Vcb |]CLN,HFLAV = 35.61(43) × 10−3 .

(268)

Recently the Belle collaboration presented an updated measurement of the B → D∗ ℓν branching ratio [138] in which, as suggested in Refs. [139–141], the impact of the form factor parameterization has been studied by comparing the CLN [137] and BGL [142, 143] ansätze. The
fit results using the two parameterizations are perfectly compatible. In light of the fact that
the BGL parameterization imposes much less stringent constraints on the shape of the form
factor than the CLN one we choose to focus on the BGL fit:
∗

[F B→D (1)ηEW |Vcb |]BGL, Belle = 34.93(23)(59) × 10−3 ,

(269)

where the first error is statistical and the second is systematic. In the following we present
determinations of |Vcb | obtained from Eqs.(267) and (268). By using ηEW = 1.00662 22 and
∗
the Nf = 2 + 1 lattice value for F B→D (1) in Eq. (247) 23 , we thus extract the averages
Nf = 2 + 1
Nf = 2 + 1

[B → D∗ ℓν]CLN,HFLAV :
∗

[B → D ℓν]BGL,Belle :

|Vcb | = 39.05(55)(47) × 10−3 ,

|Vcb | = 38.30(53)(69) × 10

−3

,

(270)
(271)

22
Note that this determination does not include the electromagnetic Coulomb correction roughly estimated
in Ref. [102]. Currently the numerical impact of this correction is negligible.
23
In light of our policy not to average Nf = 2 + 1 and Nf = 2 + 1 + 1 calculations and of the controversy
over the use of the CLN vs. BGL parameterizations, we prefer to simply use only the more precise Nf = 2 + 1
∗
determination of F B→D (1) in Eq. (247) for the extraction of Vcb .
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B → Dℓν (Nf = 2 + 1)
Central Values
3
|Vcb | × 10
40.1 (1.0)
+
a0
0.8944 (95)
a+
−8.08 (22)
1
+
a2
49.0 (4.6)
0
a0
0.7802 (75)
0
a1
−3.42 (22)

1
−0.525
−0.431
−0.185
−0.526
−0.497

−0.525
1
0.282
−0.162
0.953
0.450

1902.08191

Correlation Matrix
−0.431 −0.185
−0.526
0.282
−0.162
0.953
1
0.613
0.350
0.613
1
−0.0931
0.350 −0.0931
1
0.934
0.603
0.446

−0.497
0.450
0.934
0.603
0.446
1

Table 51: |Vcb |, coefficients for the N + = N 0 = N T = 3 z-expansion of the B → D form
factors f+ and f0 , and their correlation matrix.
where the first uncertainty comes from the lattice computation and the second from the
experimental input.
For the zero-recoil B → D form factor, HFLAV [134] quotes
HFLAV:

G B→D (1)ηEW |Vcb | = 41.57(45)(89) × 10−3 ,

(272)

yielding the following average for Nf = 2:
Nf = 2

|Vcb | = 40.0(3.7)(1.0) × 10−3 ,

B → Dℓν :

(273)

where the first uncertainty comes from the lattice computation and the second from the
experimental input.
Finally, for Nf = 2 + 1 we perform, as discussed above, a joint fit to the available lattice
data, discussed in Sec. 8.4, and state-of-the-art experimental determinations. In this case,
we will combine the aforementioned recent Belle measurement [668], which provides partial
integrated decay rates in 10 bins in the recoil parameter w, with the 2010 BaBar data set
in Ref. [145], which quotes the value of G B→D (w)ηEW |Vcb | for ten values of w.24 The fit is
dominated by the more precise Belle data; given this, and the fact that only partial correlations among systematic uncertainties are to be expected, we will treat both data sets as
uncorrelated.25
A constrained (N + = N 0 = 3) BCL fit using the same ansatz as for lattice-only data in
Sec. 8.4, yields our average, which we present in Tab. 51. The fit is illustrated in Fig. 32.
In passing, we note that, if correlations between the FNAL/MILC and HPQCD calculations
are neglected, the |Vcb | central value rises to 40.3 × 10−3 in nice agreement with the results
presented in Ref. [111].
In order to combine the determinations of |Vcb | from exclusive B → D and B → D∗
semileptonic decays, we need to estimate the correlation between the lattice uncertainties in
the two modes. We assume conservatively that the statistical component of the lattice error in
both determinations are 100% correlated because they are based on the same MILC configurations (albeit on different subsets). Considering separately the BGL and CLN determination
24

We thank Marcello Rotondo for providing the ten bins result of the BaBar analysis.
We have checked that results using just one experimental data set are compatible within 1σ. In the case
of BaBar, we have taken into account the introduction of some EW corrections in the data.
25
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our
our
our
our
our

average
average
average
average
average

for
for
for
for
for
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Nf
Nf
Nf
Nf
Nf

=2+1
=2+1
=2+1
=2+1
=2+1

(BGL)
(CLN)
(BGL)
(CLN)

our average for Nf = 2

1902.08191

from

|Vcb | × 103

B → D∗ ℓν
B → D∗ ℓν
B → Dℓν
B → (D, D∗ )ℓν
B → (D, D∗ )ℓν

38.30(53)(69)
39.05(55)(47)
40.1(1.0)
39.08(91)
39.41(60)

B → Dℓν

HFLAV inclusive average

B → Xc ℓν

41.0(3.8)(1.5)
42.46(88)

Table 52: Results for |Vcb |. When two errors are quoted in our averages, the first one comes
from the lattice form factor, and the second from the experimental measurement. The HFLAV
inclusive average obtained in the kinetic scheme from Ref. [134] is shown for comparison.

Figure 32: Lattice and experimental data for f+B→D (q 2 ) and f0B→D (q 2 ) versus z. Green
symbols denote lattice-QCD points included in the fit, while blue and indigo points show
experimental data divided by the value of |Vcb | obtained from the fit. The grey and orange
bands display the preferred N + = N 0 = 3 BCL fit (six parameters) to the lattice-QCD and
experimental data with errors.

of |Vcb | from B → D∗ semileptonic decays, we obtain:
|Vcb | × 103 = 39.08(91)
3

|Vcb | × 10 = 39.41(60)

BGL, Belle

(274)

CLN, HFLAV

(275)

where we applied a rescaling factor 1.35 to the BGL case.
Our results are summarized in Tab. 52, which also shows the HFLAV inclusive determination of |Vcb | = 42.00(65) × 10−3 [146] for comparison, and illustrated in Fig. 33.
In Fig. 34 we present a summary of determinations of |Vub | and |Vcb | from B → (π, D(∗) )ℓν
and B → τ ν. For comparison purposes, we also add the determination of |Vub /Vcb | obtained
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|𝖵→𝖻|𝗑𝟣𝟢𝟥

𝟥

|𝖵𝖼→|𝗑𝟣𝟢

𝘉→ (BaBar)
𝘉→ (Belle)
𝘉→ (average)

𝘉→𝘋 * ℓ (BGL)
𝖭𝖿 =𝟤 +𝟣

𝘉→𝘋 * ℓ (CLN)

FLAG estimate for 𝖭𝖿 =𝟤 +𝟣
𝘉→ℓ
𝘉→ (BaBar)
𝘉→ (Belle)
𝘉→ (average)

𝘉→𝘋ℓ
𝘉→(𝘋, 𝘋 * )ℓ (BGL)

𝘉→ (BaBar)
𝘉→ (Belle)
𝘉→ (average)

HFLAV inclusive (GGOU)
3.0 3.5 4.0 4.5 5.0 5.5 6.0

𝖭𝖿 =𝟤

𝘉→(𝘋, 𝘋 * )ℓ (CLN)
𝘉→𝘋ℓ
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HFLAV inclusive
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Figure 33: Left: Summary of |Vub | determined using: i) the B-meson leptonic decay branching
fraction, B(B − → τ − ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by Belle
and BaBar, and our averages for lattice determinations of the relevant vector form factor
f+ (q 2 ). Right: Same for determinations of |Vcb | using semileptonic decays. The HFLAV
inclusive results are from Ref. [134, 146].

from Λb → (p, Λc )ℓν decays in Refs. [119, 122]—which, as discussed in the text, does not
meet the FLAG criteria to enter our averages—as well as the results from inclusive B →
Xu,c ℓν decays. Currently, the determinations of Vcb from B → D∗ and B → D decays are
quite compatible; however, a sizeable tension involving the extraction of Vcb from inclusive
dedecays remains. In the determination of the 1σ and 2σ contours for our average we have
included an estimate of the correlation between |Vub | and |Vcb | from semileptonic B decays:
the lattice inputs to these quantities are dominated by results from the Fermilab/MILC and
HPQCD collaborations which are both based on MILC Nf = 2 + 1 ensembles, leading to our
conservatively introducing a 100% correlation between the lattice statistical uncertainties of
the three computations involved. The results of the fit are


3 = 39.09(68)
3


|V
|
×
10
 cb
|Vcb | × 10 = 39.41(61)
(276)
|Vub | × 103 = 3.73(14) BGL and
|Vub | × 103 = 3.74(14) CLN




p−value = 0.32
p−value = 0.55

for the BGL and CLN B → D∗ parameterizations, respectively.
References [111, 139, 141] published in 2016 and 2017 presented evidence that there can
be a considerable difference in the CKM matrix elements when choosing between the CLN
and BGL parameterizations of form factors. In mid-2018, it appeared that switching to
BGL might resolve the difference between the inclusive and exclusive determinations of |Vcb |;
however, it did not seem to shed light on |Vub |. In September, 2018, a new analysis of
Belle [138] appeared to find a 10% difference between CNL and BGL parametrizations for
∗
F B→D (1)ηEW |Vcb |, supporting previous findings. However, in April, 2019, a new version
of that preprint found the two parametrizations completely compatible. Further, in March,
2019, a BaBar preprint [147] presented an angular analysis of the full dataset from that
experiment. This unbinned fit using the BGL parametrization of the form factors and the
∗
FNAL/MILC result for F B→D (1) finds |Vcb | = (38.36 ± 0.90) × 10−3 , quite compatible with
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|Vcb| × 103

44

Figure 34: Summary of |Vub | and |Vcb | determinations. Left and right panels correspond
to using the BGL and CLN parameterization for the B → D∗ form factor, respectively.
The solid and dashed lines correspond to 68% and 95% C.L. contours. As discussed in
the text, baryonic modes are not included in our averages. The results of the fit in the
two cases are (|Vcb |, |Vub |) × 103 = (39.09 ± 0.68, 3.73 ± 0.14) with a p-value of 0.32 and
(|Vcb |, |Vub |) × 103 = (39.41 ± 0.61, 3.74 ± 0.14) with a p-value of 0.55, for the BGL and CLN
B → D∗ parameterizations, respectively.
previous exclusive determinations and not indicating a resolution of the difference from the
inclusive value. A recent paper by Gambino, Jung, and Schacht [148] reviews the history,
presents numerous fits of the Belle tagged and untagged data, and finds about a 2σ difference
between exclusive and inclusive values for |Vcb |.
It will be interesting to see what happens when both experimental and theoretical precisions are improved. At least four groups are working to improve the form factor calculations:
FNAL/MILC, HPQCD, JLQCD, and LANL/SWME. It would also be good to have additional results on the Λb form factors. We can expect new measurements from Belle II and
LHCb.
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[94] J. Flynn, T. Izubuchi, A. Jüttner, T. Kawanai, C. Lehner, E. Lizarazo et al., Form
factors for semi-leptonic B decays, PoS LATTICE2016 (2016) 296, [1612.05112].
[95] E. Lizarazo and O. Witzel, Non-perturbative determinations of B-meson decay
constants and semi-leptonic form factors, PoS ICHEP2016 (2016) 558,
[1612.06113].
[96] A. Sirlin, Large mW , mZ behavior of the O(α) corrections to semileptonic processes
mediated by W , Nucl.Phys. B196 (1982) 83.
[97] M. E. Luke, Effects of subleading operators in the heavy quark effective theory,
Phys. Lett. B252 (1990) 447–455.
[98] [FNAL/MILC 04A] M. Okamoto et al., Semileptonic D → π/K and B → π/D decays
in 2+1 flavor lattice QCD, Nucl.Phys.Proc.Suppl. 140 (2005) 461–463,
[hep-lat/0409116].
[99] [FNAL/MILC 13B] S.-W. Qiu , C. DeTar, A. X. El-Khadra, A. S. Kronfeld, J. Laiho
et al., Semileptonic decays B → D(∗) lν at nonzero recoil, PoS LATTICE2013 (2014)
385, [1312.0155].
[100] M. Atoui, V. Morenas, D. Becirevic and F. Sanfilippo, bs → ds ℓνℓ near zero recoil in
and beyond the standard model, Eur. Phys. J. C74 (2014) 2861, [1310.5238].
[101] [FNAL/MILC 08] C. Bernard et al., The B̄ → D∗ ℓν̄ form factor at zero recoil from
three-flavor lattice QCD: a model independent determination of |Vcb |,
Phys.Rev. D79 (2009) 014506, [0808.2519].
[102] [FNAL/MILC 14] J. A. Bailey et al., Update of |Vcb | from the B̄ → D∗ ℓν̄ form factor
at zero recoil with three-flavor lattice QCD, Phys. Rev. D89 (2014) 114504,
[1403.0635].
[103] [FNAL/MILC 15C] J. A. Bailey et al., B → Dℓν form factors at nonzero recoil and
—Vcb — from 2+1-flavor lattice QCD, Phys. Rev. D92 (2015) 034506, [1503.07237].
54

Updated Dec. 2020

S. Aoki et al.

FLAG Review 2019

1902.08191

[104] [HPQCD 15] H. Na, C. M. Bouchard, G. P. Lepage, C. Monahan and J. Shigemitsu,
B → Dℓν form factors at nonzero recoil and extraction of |Vcb |,
Phys. Rev. D92 (2015) 054510, [1505.03925].
[105] C. J. Monahan, H. Na, C. M. Bouchard, G. P. Lepage and J. Shigemitsu, B(s) → D(s)
semileptonic decays with NRQCD-HISQ valence quarks, PoS LATTICE2016 (2016)
298, [1611.09667].
[106] [HPQCD 17] C. J. Monahan, H. Na, C. M. Bouchard, G. P. Lepage and J. Shigemitsu,
Bs → Ds ℓν Form Factors and the Fragmentation Fraction Ratio fs /fd ,
Phys. Rev. D95 (2017) 114506, [1703.09728].
[107] J. Harrison, C. Davies and M. Wingate, |Vcb | from the B̄ 0 → D∗+ ℓ− ν̄ zero-recoil form
factor using 2 + 1 + 1 flavour HISQ and NRQCD, PoS LATTICE2016 (2017) 287,
[1612.06716].
[108] [HPQCD 17B] J. Harrison, C. Davies and M. Wingate, Lattice QCD calculation of the
∗ ℓν form factors at zero recoil and implications for |V |,
B(s) → D(s)
cb
Phys. Rev. D97 (2018) 054502, [1711.11013].
[109] A. Datta, S. Kamali, S. Meinel and A. Rashed, Phenomenology of Λb → Λc τ ν τ using
lattice QCD calculations, JHEP 08 (2017) 131, [1702.02243].
[110] [ETM 10B] B. Blossier et al., Average up/down, strange and charm quark masses with
Nf = 2 twisted mass lattice QCD, Phys. Rev. D82 (2010) 114513, [1010.3659].
[111] D. Bigi and P. Gambino, Revisiting B → Dℓν, Phys. Rev. D94 (2016) 094008,
[1606.08030].
[112] [FNAL/MILC 12C] J. A. Bailey et al., Bs → Ds /B → D semileptonic form-factor
ratios and their application to BR(Bs0 → µ+ µ− ), Phys.Rev. D85 (2012) 114502,
[1202.6346].
[113] LHCb collaboration, R. Aaij et al., Determination of fs /fd for 7 TeV pp collisions
and a measurement of the branching fraction of the decay Bd → D− K + ,
Phys. Rev. Lett. 107 (2011) 211801, [1106.4435].
[114] L. Randall and M. B. Wise, Chiral perturbation theory for B → D∗ and B → D
semileptonic transition matrix elements at zero recoil,
Phys.Lett. B303 (1993) 135–139, [hep-ph/9212315].
[115] M. J. Savage, Heavy meson observables at one loop in partially quenched chiral
perturbation theory, Phys.Rev. D65 (2002) 034014, [hep-ph/0109190].
[116] S. Hashimoto, A. S. Kronfeld, P. B. Mackenzie, S. M. Ryan and J. N. Simone, Lattice
calculation of the zero recoil form-factor of B̄ → D∗ ℓν̄: toward a model independent
determination of |Vcb |, Phys.Rev. D66 (2002) 014503, [hep-ph/0110253].
[117] A. Lytle, B. Colquhoun, C. Davies, J. Koponen and C. McNeile, Semileptonic Bc
decays from full lattice QCD, PoS BEAUTY2016 (2016) 069, [1605.05645].

55

Updated Dec. 2020

S. Aoki et al.

FLAG Review 2019

1902.08191

[118] [HPQCD 16] B. Colquhoun, C. Davies, J. Koponen, A. Lytle and C. McNeile, Bc
decays from highly improved staggered quarks and NRQCD,
PoS LATTICE2016 (2016) 281, [1611.01987].
[119] W. Detmold, C. Lehner and S. Meinel, Λb → pℓ− ν̄ℓ and Λb → Λc ℓ− ν̄ℓ form factors
from lattice QCD with relativistic heavy quarks, Phys. Rev. D92 (2015) 034503,
[1503.01421].
[120] W. Detmold, C. J. D. Lin, S. Meinel and M. Wingate, Λb → Λℓ+ ℓ− form factors and
differential branching fraction from lattice QCD, Phys. Rev. D87 (2013) 074502,
[1212.4827].
[121] W. Detmold, C. J. D. Lin, S. Meinel and M. Wingate, Λb → pl− ν̄ℓ form factors from
lattice QCD with static b quarks, Phys. Rev. D88 (2013) 014512, [1306.0446].
[122] LHCb collaboration, R. Aaij et al., Determination of the quark coupling strength |Vub |
using baryonic decays, Nature Phys. 11 (2015) 743–747, [1504.01568].
[123] T. Feldmann and M. W. Y. Yip, Form Factors for Lambdab → Λ Transitions in
SCET, Phys. Rev. D85 (2012) 014035, [1111.1844].
[124] W. Detmold and S. Meinel, Λb → Λℓ+ ℓ− form factors, differential branching fraction,
and angular observables from lattice QCD with relativistic b quarks,
Phys. Rev. D93 (2016) 074501, [1602.01399].
[125] S. Meinel and G. Rendon, Lattice QCD calculation of form factors for
Λb → Λ(1520)ℓ+ ℓ− decays, PoS LATTICE2016 (2016) 299, [1608.08110].
[126] S. Meinel, Λc → Λl+ νl form factors and decay rates from lattice QCD with physical
quark masses, Phys. Rev. Lett. 118 (2017) 082001, [1611.09696].
[127] S. Meinel, Λc → N form factors from lattice QCD and phenomenology of Λc → nℓ+ νℓ
and Λc → pµ+ µ− decays, Phys. Rev. D97 (2018) 034511, [1712.05783].
[128] Belle collaboration, I. Adachi et al., Measurement of B − → τ − ν̄τ with a hadronic
tagging method using the full data sample of Belle,
Phys. Rev. Lett. 110 (2013) 131801, [1208.4678].
[129] Babar collaboration, B. Aubert et al., A search for B + → ℓ+ νℓ recoiling against
B − → D0 ℓ− ν̄X, Phys.Rev. D81 (2010) 051101, [0912.2453].
[130] Babar collaboration, P. del Amo Sanchez et al., Study of B → πℓν and B → ρℓν
Decays and Determination of |Vub |, Phys.Rev. D83 (2011) 032007, [1005.3288].
[131] Babar collaboration, J. Lees et al., Branching fraction and form-factor shape
measurements of exclusive charmless semileptonic B decays, and determination of
|Vub |, Phys.Rev. D86 (2012) 092004, [1208.1253].
[132] Belle collaboration, H. Ha et al., Measurement of the decay B 0 → π − ℓ+ ν and
determination of |Vub |, Phys.Rev. D83 (2011) 071101, [1012.0090].

56

Updated Dec. 2020

S. Aoki et al.

FLAG Review 2019

1902.08191

[133] Belle collaboration, A. Sibidanov et al., Study of Exclusive B → Xu ℓν Decays and
Extraction of kVub k using Full Reconstruction Tagging at the Belle Experiment,
Phys. Rev. D88 (2013) 032005, [1306.2781].
[134] [HFLAV 16] Y. Amhis et al., Averages of b-hadron, c-hadron, and τ -lepton properties
as of summer 2016, Eur. Phys. J. C77 (2017) 895, [1612.07233].
[135] P. Urquijo, Physics prospects at the Belle II experiment,
Nucl. Part. Phys. Proc. 263-264 (2015) 15–23.
[136] Belle II collaboration, E. Kou et al., The Belle II Physics Book, 1808.10567.
[137] I. Caprini, L. Lellouch and M. Neubert, Dispersive bounds on the shape of anti-B —¿
D(*) lepton anti-neutrino form-factors, Nucl. Phys. B530 (1998) 153–181,
[hep-ph/9712417].
[138] Belle collaboration, A. Abdesselam et al., Measurement of CKM Matrix Element
|Vcb | from B̄ → D∗+ ℓ− ν̄ℓ , 1809.03290.
[139] D. Bigi, P. Gambino and S. Schacht, A fresh look at the determination of |Vcb | from
B → D∗ ℓν, Phys. Lett. B769 (2017) 441–445, [1703.06124].
[140] F. U. Bernlochner, Z. Ligeti, M. Papucci and D. J. Robinson, Tensions and
correlations in |Vcb | determinations, Phys. Rev. D96 (2017) 091503, [1708.07134].
[141] B. Grinstein and A. Kobach, Model-Independent Extraction of |Vcb | from B̄ → D∗ ℓν,
Phys. Lett. B771 (2017) 359–364, [1703.08170].
[142] C. G. Boyd, B. Grinstein and R. F. Lebed, Constraints on form-factors for exclusive
semileptonic heavy to light meson decays, Phys.Rev.Lett. 74 (1995) 4603–4606,
[hep-ph/9412324].
[143] C. G. Boyd, B. Grinstein and R. F. Lebed, Precision corrections to dispersive bounds
on form-factors, Phys. Rev. D56 (1997) 6895–6911, [hep-ph/9705252].
[144] Belle collaboration, R. Glattauer et al., Measurement of the decay B → Dℓνℓ in fully
reconstructed events and determination of the Cabibbo-Kobayashi-Maskawa matrix
element |Vcb |, Phys. Rev. D93 (2016) 032006, [1510.03657].
[145] BaBar collaboration, B. Aubert et al., Measurement of |V (cb)| and the Form-Factor
Slope in B → Dℓ− ν ℓ Decays in Events Tagged by a Fully Reconstructed B Meson,
Phys. Rev. Lett. 104 (2010) 011802, [0904.4063].
[146] P. Gambino, K. J. Healey and S. Turczyk, Taming the higher power corrections in
semileptonic B decays, Phys. Lett. B763 (2016) 60–65, [1606.06174].
[147] BaBar collaboration, J. P. Lees et al., A test of heavy quark effective theory using a
four-dimensional angular analysis of B → D∗ ℓ− ν ℓ , 1903.10002.
[148] P. Gambino, M. Jung and S. Schacht, The Vcb puzzle: an update,
Phys. Lett. B795 (2019) 386–390, [1905.08209].

57

Updated Dec. 2020

