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The (semi)leptonic decay and mixing processes of B(s) mesons have been playing a crucial
role in flavour physics. In particular, they contain important information for the investigation
of the b−d unitarity triangle in the Cabibbo-Kobayashi-Maskawa (CKM) matrix, and can be
ideal probes of physics beyond the Standard Model. The charged-current decay channels
B + → l+ νl and B 0 → π − l+ νl , where l+ is a charged lepton with νl being the corresponding
neutrino, are essential in extracting the CKM matrix element |Vub |. Similarly, the B to D(∗)
semileptonic transitions can be used to determine |Vcb |. The flavour-changing neutral current
(FCNC) processes, such as B → K (∗) ℓ+ ℓ− and Bd(s) → ℓ+ ℓ− , occur only beyond the tree level
in weak interactions and are suppressed in the Standard Model. Therefore, these processes
can be sensitive to new physics, since heavy particles can contribute to the loop diagrams.
They are also suitable channels for the extraction of the CKM matrix elements involving the
top quark that can appear in the loop. The decays B → D(∗) ℓν and B → K (∗) ℓℓ can also be
used to test lepton flavour universality by comparing results for ℓ = e, µ and τ . In particular,
anomalies have been seen in the ratios R(D(∗) ) = B(B → D(∗) τ ν)/B(B → D(∗) ℓν)ℓ=e,µ and
R(K (∗) ) = B(B → K (∗) µµ)/B(B → K (∗) ee). In addition, the neutral Bd(s) -meson mixings are
FCNC processes and are dominated by the 1-loop “box” diagrams containing the top quark
0 -meson oscillation
and the W bosons. Thus, using the experimentally measured neutral Bd(s)
frequencies, ∆Md(s) , and the theoretical calculations for the relevant hadronic mixing matrix
elements, one can obtain |Vtd | and |Vts | in the Standard Model.
At the Large Hadron Collider, decays of b quarks can also be probed with Λb and other
bottom baryons, which can provide complementary constraints on physics beyond the Standard Model. The most important processes are the charged-current decays Λb → pℓν̄ and
Λb → Λc ℓν̄, and the neutral-current decay Λb → Λℓ+ ℓ− .
Accommodating the light quarks and the b quark simultaneously in lattice-QCD computations is a challenging endeavour. To incorporate the pion and the b hadrons with their physical
masses, the simulations have to be performed using the lattice size L̂ = L/a ∼ O(102 ), where
a is the lattice spacing and L is the physical (dimensionful) box size. The most ambitious
calculations are now using such volumes; however, many ensembles are smaller. Therefore, in
addition to employing Chiral Perturbation Theory for the extrapolations in the light-quark
mass, current lattice calculations for quantities involving b hadrons often make use of effective
theories that allow one to expand in inverse powers of mb . In this regard, two general approaches are widely adopted. On the one hand, effective field theories such as Heavy-Quark
Effective Theory (HQET) and Nonrelativistic QCD (NRQCD) can be directly implemented
in numerical computations. On the other hand, a relativistic quark action can be improved à
la Symanzik to suppress cutoff errors, and then re-interpreted in a manner that is suitable for
heavy-quark physics calculations. This latter strategy is often referred to as the method of the
Relativistic Heavy-Quark Action (RHQA). The utilization of such effective theories inevitably
introduces systematic uncertainties that are not present in light-quark calculations. These
uncertainties can arise from the truncation of the expansion in constructing the effective theories (as in HQET and NRQCD), or from more intricate cutoff effects (as in NRQCD and
RHQA). They can also be introduced through more complicated renormalization procedures
which often lead to significant systematic effects in matching the lattice operators to their
continuum counterparts. For instance, due to the use of different actions for the heavy and
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the light quarks, it is more difficult to construct absolutely normalized bottom-light currents.
Complementary to the above “effective theory approaches”, another popular method is
to simulate the heavy and the light quarks using the same (normally improved) lattice action
at several values of the heavy-quark mass mh with amh < 1 and mh < mb . This enables one
to employ HQET-inspired relations to extrapolate the computed quantities to the physical b
mass. When combined with results obtained in the static heavy-quark limit, this approach
can be rendered into an interpolation, instead of extrapolation, in mh . The discretization
errors are the main source of the systematic effects in this method, and very small lattice
spacings are needed to keep such errors under control.
In recent years, it has also been possible to perform lattice simulations at very fine lattice
spacings and treat heavy quarks as fully relativistic fermions without resorting to effective
field theories. Such simulations are, of course, very demanding in computing resources.
Because of the challenge described above, the efforts that have been made to obtain
reliable, accurate lattice-QCD results for physics of the b quark have been enormous. These
efforts include significant theoretical progress in formulating QCD with heavy quarks on the
lattice. This aspect is briefly reviewed in Appendix A.1.3 of FLAG 19 [1].
In this section, we summarize the results of the B-meson leptonic decay constants, the
neutral B-mixing parameters, and the semileptonic form factors of B mesons and Λb baryons,
from lattice QCD. To focus on the calculations that have strong phenomenological impact,
we limit the review to results based on modern simulations containing dynamical fermions
with reasonably light pion masses (below approximately 500 MeV).
Following our review of B(s) -meson leptonic decay constants, the neutral B-meson mixing
parameters, and semileptonic form factors, we then interpret our results within the context of
the Standard Model. We combine our best-determined values of the hadronic matrix elements
with the most recent experimentally-measured branching fractions to obtain |Vub | and |Vcb |,
and compare these results to those obtained from inclusive semileptonic B decays.

8.1

Leptonic decay constants fB and fBs

The B- and Bs -meson decay constants are crucial inputs for extracting information from
leptonic B decays. Charged B mesons can decay to a lepton-neutrino final state through the
charged-current weak interaction. On the other hand, neutral Bd(s) mesons can decay to a
charged-lepton pair via a flavour-changing neutral current (FCNC) process.
In the Standard Model, the decay rate for B + → ℓ+ νℓ is described by a formula identical
to Eq. (169), with D(s) replaced by B, and the relevant CKM matrix element Vcq replaced by
Vub ,

2
m2
mB 2 2
Γ(B → ℓνℓ ) =
GF fB |Vub |2 m2ℓ 1 − 2ℓ
.
(202)
8π
mB
The only two-body charged-current B-meson decay that has been observed so far is B + →
τ + ντ , which has been measured by the Belle and Babar collaborations [2, 3]. Both collaborations have reported results with errors around 20%. These measurements can be used
to determine |Vub | when combined with lattice-QCD predictions of the corresponding decay
constant.
Neutral Bd(s) -meson decays to a charged-lepton pair Bd(s) → l+ l− is a FCNC process, and
can only occur at one loop in the Standard Model. Hence these processes are expected to be
rare, and are sensitive to physics beyond the Standard Model. The corresponding expression
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for the branching fraction has the form
G2
B(Bq → ℓ+ ℓ− ) = τBq F Y
π



α
4π sin2 ΘW

2

s
mBq fB2 q |Vtb∗ Vtq |2 m2ℓ

1−4

m2ℓ
,
m2B

(203)

where the light quark q = s or d, and the function Y includes NLO QCD and electro-weak
corrections [4, 5]. Evidence for the Bs → µ+ µ− decay was first observed by the CMS and
the LHCb collaborations, and a combined analysis was presented in 2014 in Ref. [6]. In 2020,
the ATLAS, CMS and LHCb collaborations reported their measurements from a preliminary
combined analysis as [7]
B(Bd → µ+ µ− ) < (1.9) × 10−10 at 95% CL,
−9
B(Bs → µ+ µ− ) = (2.69+0.37
−0.35 ) × 10 ,

(204)

which are compatible with the Standard Model predictions within approximately 2 standard
deviations [8]. We note that the errors of these results are currently too large to enable a
precise determination of |Vtd | and |Vts |.
The decay constants fBq (with q = u, d, s) parameterize the matrix elements of the corresponding axial-vector currents Aµbq = b̄γ µ γ 5 q analogously to the definition of fDq in Sec. 7.1:
⟨0|Aµ |Bq (p)⟩ = ipµB fBq .

(205)

For heavy-light mesons, it is convenient to define and analyse the quantity
√
ΦBq ≡ fBq mBq ,

(206)

which approaches a constant (up to logarithmic corrections) in the mB → ∞ limit, because
of heavy-quark symmetry. In the following discussion, we denote lattice data for Φ, and the
corresponding decay constant f , obtained at a heavy-quark mass mh and light valence-quark
mass mℓ as Φhℓ and fhl , to differentiate them from the corresponding quantities at the physical
b- and light-quark masses.
The SU (3)-breaking ratio fBs /fB is of phenomenological interest, because many systematic effects can be partially reduced in lattice-QCD calculations of this ratio. The discretization errors, heavy-quark mass tuning effects, and renormalization/matching errors may all be
partially reduced. This SU (3)-breaking ratio is, however, still sensitive to the chiral extrapolation. Provided the chiral extrapolation is under control, one can then adopt fBs /fB as an
input in extracting phenomenologically-interesting quantities. In addition, it often happens
to be easier to obtain lattice results for fBs with smaller errors than direct calculations of
fB . Therefore, one can combine the Bs -meson decay constant with the SU (3)-breaking ratio to calculate fB . Such a strategy can lead to better precision in the computation of the
B-meson decay constant, and has been adopted by the ETM [9, 10] and the HPQCD collaborations [11]. An alternative strategy, used in Ref. [12], is to obtain the Bs -meson decay
constant by combining the Ds -meson decay constant with the ratio fBs /fDs .
It is clear that the decay constants for charged and neutral B mesons play different
roles in flavour-physics phenomenology. Knowledge of the B + -meson decay constant fB + is
essential for extracting |Vub | from leptonic B + decays. The neutral B-meson decay constants
fB 0 and fBs are inputs to searches for new physics in rare leptonic B 0 decays. In view
of this, it is desirable to include isospin-breaking effects in lattice computations for these
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quantities, and have results for fB + and fB 0 . With the increasing precision of recent lattice
calculations, isospin splittings for B-meson decay constants can be significant, and will play
an important role in the foreseeable future. A few collaborations have reported fB + and fB 0
separately by taking into account strong isospin effects in the valence sector, and estimated
the corrections from electromagnetism. The Nf = 2 + 1 + 1 strong isospin-breaking effect
was computed in HPQCD 13 [13] (see Tab. 41 in this subsection). However, since only
unitary points (with equal sea- and valence-quark masses) were considered in HPQCD 13 [13],
this procedure only correctly accounts for the effect from the valence-quark masses, while
introducing a spurious sea-quark contribution. The decay constants fB + and fB 0 are also
separately reported in FNAL/MILC 17 [14] by taking into account the strong-isospin effect.
The new FNAL/MILC results were obtained by keeping the averaged light sea-quark mass
fixed when varying the quark masses in their analysis procedure. Their finding indicates
that the strong isospin-breaking effects, fB + − fB ∼ 0.5 MeV, could be smaller than those
suggested by previous computations. One would have to take into account QED effects in the
B-meson leptonic decay rates to properly use these results for extracting phenomenologically
relevant information.1 Currently, errors on the experimental measurements on these decay
rates are still very large. In this review, we will therefore concentrate on the isospin-averaged
result fB and the Bs -meson decay constant, as well as the SU (3)-breaking ratio fBs /fB .
The status of lattice-QCD computations for B-meson decay constants and the SU (3)breaking ratio, using gauge-field ensembles with light dynamical fermions, is summarized in
Tabs. 41 and 42, while Figs. 27 and 28 contain the graphical presentation of the collected
results and our averages. Most results in these tables and plots have been reviewed in detail
in FLAG 19 [1]. Here, we only describe the new results published after January 2019.
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Figure 27: Decay constants of the B and Bs mesons. The values are taken from Tab. 41 (the
fB entry for FNAL/MILC 11 represents fB + ). The significance of the colours is explained in
Sec. 2. The black squares and grey bands indicate our averages in Eqs. (207), (210), (213),
(208), (211) and (214).
One new Nf = 2 calculation of fBs has appeared after the publication of the previous
FLAG review [1]. In Tab. 41, this result is labelled Balasubramamian 19 [12].
In Balasubramamian 19 [12], simulations at three values of the lattice spacing, a = 0.0751,
1

See Ref. [15] for a strategy that has been proposed to account for QED effects.
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FNAL/MILC 17
HPQCD 17A
ETM 16B
ETM 13E
HPQCD 13

[14]
[16]
[10]
[17]
[13]

2+1+1
2+1+1
2+1+1
2+1+1
2+1+1

A⋆ ⋆ ⋆ ⋆
A ◦ ⋆ ⋆ ◦
A⋆ ◦ ◦ ◦
C ⋆ ◦ ◦ ◦
A ◦ ⋆ ⋆ ◦

RBC/UKQCD 14
RBC/UKQCD 14A
RBC/UKQCD 13A
HPQCD 12
HPQCD 12
HPQCD 11A
FNAL/MILC 11
HPQCD 09

[18]
[19]
[20]
[11]
[11]
[21]
[22]
[23]

2+1
2+1
2+1
2+1
2+1
2+1
2+1
2+1

A ◦
A ◦
C ◦
A ◦
A ◦
A⋆
A ◦
A ◦

◦
◦
◦
◦
◦
◦
◦
◦

A
A
C
A
C
C
C
A
A

⋆ ⋆ ◦
⋆ ⋆ ⋆
⋆ ⋆ ⋆
◦⋆◦
⋆ ⋆ ⋆
◦⋆◦
◦⋆⋆
◦⋆◦

Balasubramamian 19†
[12] 2
ALPHA 14
[24] 2
ALPHA 13
[25] 2
ETM 13B, 13C‡
[9, 26] 2
ALPHA 12A
[27] 2
ETM 12B
[28] 2
ALPHA 11
[29] 2
ETM 11A
[30] 2
ETM 09D
[31] 2

⋆
⋆
⋆
⋆
⋆
⋆
⋆
⋆
⋆

◦
◦
◦
◦
◦

✓
✓
✓
✓
✓

◦
◦
◦
◦
◦

✓
✓
✓
✓
✓
⋆ ⋆ ✓
⋆ ◦ ✓
◦◦✓

✓
✓
✓
✓
✓
✓
✓
✓
◦◦◦✓
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fB +

fB 0

fB

fBs

189.4(1.4)
−
−
−
184(4)

190.5(1.3)
−
−
−
188(4)

189.9(1.4)
196(6)
193(6)
196(9)
186(4)

230.7(1.2)
236(7)
229(5)
235(9)
224(5)

195.6(14.9)
−
−
−
−
−
197(9)
−

199.5(12.6)
−
−
−
−
−
−
−

−
219(31)
191(6)⋄stat
191(9)
189(4)△
−
−
190(13)•

235.4(12.2)
264(37)
233(5)⋄stat
228(10)
−
225(4)∇
242(10)
231(15)•

−
−
−
−
−
−
−
−
−

−
−
−
−
−
−
−
−
−

−
186(13)
187(12)(2)
189(8)
193(9)(4)
197(10)
174(11)(2)
195(12)
194(16)

215(10)(2)(−5)
224(14)
224(13)
228(8)
219(12)
234(6)
−
232(10)
235(12)

+2

⋄

Statistical errors only.
Obtained by combining fBs from HPQCD 11A with fBs /fB calculated in this work.
∇
This result uses one ensemble per lattice spacing with light to strange sea-quark mass ratio mℓ /ms ≈ 0.2.
•
This result uses an old determination of r1 = 0.321(5) fm from Ref. [32] that has since been superseded.
‡
Obtained by combining fDs , updated in this work, with fBs /fDs , calculated in this work.
‡
Update of ETM 11A and 12B.
△

Table 41: Decay constants of the B, B + , B 0 and Bs mesons (in MeV). Here fB stands
for the mean value of fB + and fB 0 , extrapolated (or interpolated) in the mass of the light
valence-quark to the physical value of mud .
0.0653 and 0.0483 fm were performed with nonperturbatively O(a)-improved Wilson-clover
fermions and the Wilson plaquette gauge action. The pion masses in this work range from
194 to 439 MeV, and the lattice sizes are between 2.09 and 4.18 fm. A key feature of this
5
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FNAL/MILC 17
HPQCD 17A
ETM 16B
ETM 13E
HPQCD 13

[14]
[16]
[10]
[17]
[13]

2+1+1
2+1+1
2+1+1
2+1+1
2+1+1

A ⋆ ⋆ ⋆ ⋆
A ◦ ⋆ ⋆ ◦
A ⋆ ◦ ◦ ◦
C ⋆ ◦ ◦ ◦
A ◦ ⋆ ⋆ ◦

RBC/UKQCD 18A
RBC/UKQCD 14
RBC/UKQCD 14A
RBC/UKQCD 13A
HPQCD 12
FNAL/MILC 11
RBC/UKQCD 10C
HPQCD 09

[33]
[18]
[19]
[20]
[11]
[22]
[34]
[23]

2+1
2+1
2+1
2+1
2+1
2+1
2+1
2+1
2
2
2
2
2
2

ALPHA 14
ALPHA 13
ETM 13B, 13C†
ALPHA 12A
ETM 12B
ETM 11A

⋄
†

[24]
[25]
[9, 26]
[27]
[28]
[30]

2111.09849

fBs /fB +

fBs /fB 0

fBs /fB

✓
✓
✓
✓
✓

1.2180(49)
−
−
−
1.217(8)

1.2109(41)
−
−
−
1.194(7)

−
1.207(7)
1.184(25)
1.201(25)
1.205(7)

P ⋆ ⋆ ⋆ ⋆
A ◦ ◦ ◦ ◦
A ◦ ◦ ◦ ◦
C ◦ ◦ ◦ ◦
A ◦ ◦ ◦ ◦
A ◦ ◦ ⋆ ◦
A ■ ■ ■ ◦
A ◦ ◦ ◦ ◦

✓
✓
✓
✓
✓
✓
✓
✓

−
1.223(71)
−
−
−
1.229(26)
−
−

−
1.197(50)
−
−
−
−
−
−

1.1949(60)(−175)
−
1.193(48)
1.20(2)⋄stat
1.188(18)
−
1.15(12)
1.226(26)

A
C
A
C
C
A

✓
✓
✓
✓
✓
✓

−
−
−
−
−
−

⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆
⋆ ◦ ⋆ ◦
⋆ ⋆ ⋆ ⋆
⋆ ◦ ⋆ ◦
◦ ◦ ⋆ ◦

−
−
−
−
−
−

+95

1.203(65)
1.195(61)(20)
1.206(24)
1.13(6)
1.19(5)
1.19(5)

Statistical errors only.
Update of ETM 11A and 12B.

Table 42: Ratios of decay constants of the B and Bs mesons (for details see Tab. 41).

calculation is the use of a variant of the ratio method [31], applied for the first time to Wilsonclover fermions. This variant is required because, in contrast to twisted-mass Wilson fermions,
there is no simple relationship between the heavy quark pole mass and the bare quark mass.
In the application of this approach to the Bs -decay constant, one first computes the quantity
Fhq ≡ fhq /Mhq , where fhq and Mhq are the decay constant and mass of the pseudoscalar meson
composed of valence (relativistic) heavy quark h and light (or strange) quark q. The matching
between the lattice and the continuum heavy-light currents for extracting the above fhq is
straightforward because the valence heavy quark is also described by Wilson-clover fermions.
stat (M ′ )M 3/2 ]/[F ′ C stat (M )M 3/2 ] is
In the second step, the ratio zq (Mhq , λ) ≡ [Fhq CA
hq
hq
hq A
hq
h′ q
stat (M ) is the matching coefficient for the (hq)-meson decay constant
calculated, where CA
hq
6
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our average for = + +
FNAL/MILC 17 1
FNAL/MILC 17 2
HPQCD 17A
ETM 16B
ETM 13E
HPQCD 13
our average for = +
RBC/UKQCD 18A
RBC/UKQCD 14 1
RBC/UKQCD 14 2
RBC/UKQCD 14A
RBC/UKQCD 13A (stat. err. only)
HPQCD 12
FNAL/MILC 11
RBC/UKQCD 10C
HPQCD 09
our average for =
ALPHA 14
ALPHA 13
ETM 13B, 13C
ALPHA 12A
ETM 12B
ETM 11A

1.10 1.15 1.20 1.25
Figure 28: Ratio of the decay constants of the B and Bs mesons. The values are taken from
Tab. 42. Results labelled as FNAL/MILC 17 1 and FNAL/MILC 17 2 correspond to those
for fBs /fB 0 and fBs /fB + reported in FNAL/MILC 17. The significance of the colours is
explained in Sec. 2. The black squares and grey bands indicate our averages in Eqs. (209),
(212), and (215).

in QCD and its counterpart in HQET, and Mhq = λMh′ q . The authors of Balasubramamian
stat (M ) [35–37] and λ = 1.18. By starting
19 [12] use the NNLO perturbative result of CA
hq
from a “triggering” point with the heavy-meson mass around that of the Ds meson, one can
proceed with the calculations in steps, such that Mhq is increased by a factor of λ at each
step. The authors simulate up to heavy-quark mass around 4.5 GeV, but observed significant
(aMHs )2 cutoff effects on ensembles with lattice spacings a = 0.0751 and 0.0653 fm and so
simulate up to 3.2 GeV√on these lattices. In this formulation of the ratio method, the ratio
obeys zq (Mhq , λ) → 1/ λ in the limit Mhq → ∞. Designing the computations in such a way
that in the last step Mhq is equal to the physical Bs mass, one obtains fB(s) /fD(s) . Combining
this ratio with results for fD(s) , updated with a third lattice spacing, the decay constant of
the Bs meson can be extracted. The authors estimated the systematic uncertainty associated
with their generic fit form, which combines chiral-continuum extrapolation with heavy quark
discretization effects, and quote a single systematic uncertainty. The systematic uncertainty
associated with scale-setting is estimated from fDs .
There have been no new Nf = 2 calculations of fB or fBs /fB . Therefore, our averages for
these two cases stay the same as those in Ref. [1]. We update our average of fBs to include
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the new calculation of Balasubramamian 19 [12]:
Nf = 2 :
Nf = 2 :
Nf = 2 :

fB = 188(7) MeV
fBs = 225.3(6.6) MeV
fBs
= 1.206(0.023)
fB

Refs. [9, 24],

(207)

Refs. [9, 12, 24],

(208)

Refs. [9, 24].

(209)

One new Nf = 2 + 1 calculation of fBs /fB was completed after the publication of the
previous FLAG review [1]. In Tab. 42, this result is labelled RBC/UKQCD 18A [33].
The RBC/UKQCD collaboration presented in RBC/UKQCD 18A [33] the ratio of decay
constants, fBs /fB , using Nf = 2 + 1 dynamical ensembles generated using Domain Wall
Fermions (DWF). Three lattice spacings, of a = 0.114, 0.0835 and 0.0727 fm, were used,
with pion masses ranging from 139 to 431 MeV, and lattice sizes between 2.65 and 5.47 fm.
Two different Domain Wall discretizations (Möbius and Shamir) have been used for both
valence and sea quarks. These discretizations correspond to two different choices for the
DWF kernel. The Möbius DWF are loosely equivalent to Shamir DWF at twice the extension
in the fifth dimension [38]. The bare parameters for these discretizations were chosen to lie
on the same scaling trajectory, to enable a combined continuum extrapolation. Heavy quark
masses between the charm and approximately half the bottom quark mass were used, with a
linear extrapolation in 1/mH applied to reach the physical Bs mass, where mH is the mass
of the heavy meson used to set the heavy quark mass. For the central fit, the authors set the
heavy quark mass through the pseudoscalar heavy-strange meson Hs , and estimate systematic
uncertainties by comparing these results to those obtained with H a heavy-light meson or
a heavy-heavy meson. For the quenched heavy quark Möbius DWF are always used, with
a domain-wall height slightly different from the one adopted for light valence quarks. The
choice helps to keep cutoff effects under control, according to the study in Ref. [39]. The chiralcontinuum extrapolations are performed with a Taylor expansion in a2 and m2π −(mphys
)2 and
π
the associated systematic error is estimated by varying the fit function to apply cuts in the
pion mass. The corresponding systematic error is estimated as approximately 0.5%, which
is roughly equal to the statistical uncertainty and to the systematic uncertainties associated
with extrapolation to the physical mBs mass and with higher-order corrections to the static
limit. These latter corrections take the form O(Λ2 /m2Bs ). The error estimate comes from
assuming the coefficient of such terms is up to five times larger than the fitted O(Λ/mBs )
coefficient. Isospin corrections and heavy-quark discretization effects are estimated to be less
than 0.1%.
At time of writing, RBC/UKQCD 18A [33] has not been published and therefore is not
included in our average. Thus, our averages for these quantities remain the same as in Ref. [1],
Nf = 2 + 1 :

fB = 192.0(4.3) MeV

Refs. [11, 18, 19, 21, 22],

(210)

Nf = 2 + 1 :

fBs = 228.4(3.7) MeV
fBs
= 1.201(0.016)
fB

Refs. [11, 18, 19, 21, 22],

(211)

Refs. [11, 18, 19, 22, 33].

(212)

Nf = 2 + 1 :

No new Nf = 2 + 1 + 1 calculations of fB , fBs /fB or fB(s) have appeared since the last
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FLAG review. Therefore, our averages for these quantities remain the same as in Ref. [1],
Nf = 2 + 1 + 1 :

fB = 190.0(1.3) MeV

Refs. [10, 13, 14, 16],

(213)

Nf = 2 + 1 + 1 :

fBs = 230.3(1.3) MeV
fBs
= 1.209(0.005)
fB

Refs. [10, 13, 14, 16],

(214)

Refs. [10, 13, 14, 16].

(215)

Nf = 2 + 1 + 1 :

The PDG presented averages for the Nf = 2 + 1 and Nf = 2 + 1 + 1 lattice-QCD
determinations of the isospin-averaged fB , fBs and fBs /fB in 2020 [40]. The Nf = 2 + 1 and
Nf = 2 + 1 + 1 lattice-computation results used in Ref. [40] are identical to those included in
our current work, and the averages quoted in Ref. [40] are those determined in [1].

8.2

Neutral B-meson mixing matrix elements

Neutral B-meson mixing is induced in the Standard Model through 1-loop box diagrams to
lowest order in the electroweak theory, similar to those for short-distance effects in neutral
kaon mixing. The effective Hamiltonian is given by
∆B=2,SM
=
Heff

with

2
G2F MW
(Fd0 Qd1 + Fs0 Qs1 ) + h.c. ,
16π 2




Qq1 = b̄γµ (1 − γ5 )q b̄γµ (1 − γ5 )q ,

(216)

(217)

where q = d or s. The short-distance function Fq0 in Eq. (216) is much simpler compared to
the kaon mixing case due to the hierarchy in the CKM matrix elements. Here, only one term
is relevant,
Fq0 = λ2tq S0 (xt )
(218)
where
λtq = Vtq∗ Vtb ,

(219)

2 , which describes the basic
and where S0 (xt ) is an Inami-Lim function with xt = m2t /MW
electroweak loop contributions without QCD [4]. The transition amplitude for Bq0 with q = d
or s can be written as
∆B=2
|Bq0 ⟩ =
⟨B̄q0 |Heff

2 

G2F MW
2
λ
S
(x
)η
0
t
2B
tq
16π 2
(Z
−γ0 /(2β0 )
)


ḡ(µ)
ḡ(µ)2
γ(g)
γ0
exp
dg
+
×
4π
β(g) β0 g
0

× ⟨B̄q0 |QqR (µ)|Bq0 ⟩ + h.c. ,

(220)

where QqR (µ) is the renormalized four-fermion operator (usually in the NDR scheme of MS).
The running coupling ḡ, the β-function β(g), and the anomalous dimension of the four-quark
operator γ(g) are defined in Eqs. (142) and (143). The product of µ-dependent terms on the
second line of Eq. (220) is, of course, µ-independent (up to truncation errors arising from the
use of perturbation theory). The explicit expression for the short-distance QCD correction
factor η2B (calculated to NLO) can be found in Ref. [41].
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For historical reasons the B-meson mixing matrix elements are often parameterized in
terms of bag parameters defined as
BBq (µ) =

B̄q0 QqR (µ) Bq0
8 2
2
3 fBq mB

.

(221)

The renormalization group independent (RGI) B parameter B̂ is defined as in the case of the
kaon, and expressed to 2-loop order as

B̂Bq =

ḡ(µ)2
4π

−γ0 /(2β0 ) 



ḡ(µ)2 β1 γ0 − β0 γ1
1+
BBq (µ) ,
(4π)2
2β02

(222)

with β0 , β1 , γ0 , and γ1 defined in Eq. (144). Note, as Eq. (220) is evaluated above the bottom
threshold (mb < µ < mt ), the active number of flavours here is Nf = 5.
Nonzero transition amplitudes result in a mass difference between the CP eigenstates of
the neutral B-meson system. Writing the mass difference for a Bq0 meson as ∆mq , its Standard
Model prediction is
G2 m2 mB
∆mq = F W2 q |λtq |2 S0 (xt )η2B fB2 q B̂Bq .
(223)
6π
Experimentally, the mass difference is determined from the oscillation frequency of the CP
eigenstates. The frequencies are measured precisely with an error of less than a percent. Many
different experiments have measured ∆md , but the current average [40] is dominated by the
LHCb experiment. For ∆ms the experimental average is again dominated by results from
LHCb [40] and the precision reached is about one per mille. With these experimental results
and lattice-QCD calculations of fB2 q B̂Bq , λtq can be determined. In lattice-QCD calculations
the flavour SU (3)-breaking ratio
f 2 s BBs
ξ2 = B
(224)
fB2 d BBd
can be obtained more precisely than the individual Bq -mixing matrix elements because statistical and systematic errors cancel in part. From ξ 2 , the ratio |Vtd /Vts | can be determined
and used to constrain the apex of the CKM triangle.
Neutral B-meson mixing, being loop-induced in the Standard Model, is also a sensitive
probe of new physics. The most general ∆B = 2 effective Hamiltonian that describes contributions to B-meson mixing in the Standard Model and beyond is given in terms of five local
four-fermion operators:
5
X X
∆B=2
Heff,BSM =
Ci Qqi ,
(225)
q=d,s i=1

where Q1 is defined in Eq. (217) and where



Qq2 = b̄(1 − γ5 )q b̄(1 − γ5 )q ,



Qq4 = b̄(1 − γ5 )q b̄(1 + γ5 )q ,

h
ih
i
Qq3 = b̄α (1 − γ5 )q β b̄β (1 − γ5 )q α ,
h
ih
i
Qq5 = b̄α (1 − γ5 )q β b̄β (1 + γ5 )q α ,

(226)

with the superscripts α, β denoting colour indices, which are shown only when they are contracted across the two bilinears. There are three other basis operators in the ∆B = 2 effective
Hamiltonian. When evaluated in QCD, however, they give identical matrix elements to the
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ones already listed due to parity invariance in QCD. The short-distance Wilson coefficients
Ci depend on the underlying theory and can be calculated perturbatively. In the Standard
Model only matrix elements of Qq1 contribute to ∆mq , while all operators do, for example, for
general SUSY extensions of the Standard Model [42]. The matrix elements or bag parameters
for the non-SM operators are also useful to estimate the width difference ∆Γq between the
CP eigenstates of the neutral B meson in the Standard Model, where combinations of matrix
elements of Qq1 , Qq2 , and Qq3 contribute to ∆Γq at O(1/mb ) [43, 44].
In this section, we report on results
calculations for the neutral B-meson
q
q from lattice-QCD

FLAG average for

= + +

= + +

mixing parameters B̂Bd , B̂Bs , fBd B̂Bd , fBs B̂Bs and the SU (3)-breaking ratios BBs /BBd
and ξ defined in Eqs. (221), (222), and (224). The results are summarized in Tabs. 43 and 44
and in Figs. 29 and 30. Additional details about the underlying simulations and systematic
error estimates are given in Appendix C.6.2. Some collaborations do not provide the RGI
quantities B̂Bq , but quote instead BB (µ)M S,N DR . In such cases, we convert the results using
Eq. (222) to the RGI quantities quoted in Tab. 43 with a brief description for each case.
More detailed descriptions for these cases are provided in FLAG13 [45]. We do not provide
the B-meson matrix elements of the other operators Q2−5 in this report. They have been
calculated in Ref. [9] for the Nf = 2 case and in Refs. [46, 47] for Nf = 2 + 1.

= + +

FLAG average for

ETM 13B

180 220 260

= +

FLAG average for

220 260 300 MeV

=

ETM 13B
ETM 12A,12B

=

=

= +

FNAL/MILC 16
RBC/UKQCD 14A
HPQCD 09
HPQCD 06A

=
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FLAG average

FLAG average for
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= +

= +

FNAL/MILC 16
RBC/UKQCD 14A
FNAL/MILC 11 A
HPQCD 09
HPQCD 06A

= + +

HPQCD 19A

= + +

HPQCD 19A

FLAG average for

1.0

1.2

1.4

1.0

1.2

1.4

Figure 29: Neutral B- and Bs -meson mixing matrix elements and bag parameters [values in
Tab. 43 and Eqs. (227), (230), (233), (228), (231), (234)].
There are no new results for Nf = 2 reported after the previous FLAG review. In this
category, one work (ETM 13B) [9] passes the quality criteria. A description of this work can
be found in the FLAG 13 review [45] where it did not enter the average as it had not appeared
in a journal. Because this is the only result available for Nf = 2, we quote their values as our
estimates
q
q
fBs B̂Bs = 262(10)MeV
Ref. [9],
(227)
fBd B̂bd = 216(10)MeV
Nf = 2 :

B̂Bd = 1.30(6)
ξ = 1.225(31)

B̂Bs = 1.32(5)
BBs /BBd = 1.007(21)

Ref. [9],

(228)

Ref. [9].

(229)

For the Nf = 2 + 1 case the RBC/UKQCD collaboration reported their new results on the
flavour SU(3) breaking ratio of neutral B-meson mixing parameters in 2018. Their paper [33]
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Collaboration

Ref.

HPQCD 19A

[48] 2+1+1 A ◦

FNAL/MILC 16
RBC/UKQCD 14A
FNAL/MILC 11A
HPQCD 09
HPQCD 06A

[47]
[19]
[46]
[23]
[49]

ETM 13B
ETM 12A, 12B
⊙
†
∇

∗

⋄

[9]
[28, 50]

Nf

pu
conblica
chi tinution
ral um sta
t
fin extraextraus
i
rente vo polatpolat
he ormalume ion ion
av liz
y-q at
ua ion
rk /m
tre at
atm chi
ent ng

FLAG Review 2021

2+1
2+1
2+1
2+1
2+1
2
2

fBd

◦

q

B̂Bd

2111.09849

fBs

q

B̂Bs

B̂Bd

B̂Bs

⋆◦

✓

210.6(5.5) 256.1(5.7) 1.222(61)

A⋆ ◦ ⋆ ◦
A◦ ◦ ◦ ◦
C⋆ ◦ ⋆ ◦
A ◦ ◦∇ ◦ ◦
A■ ■ ⋆ ◦

✓
✓
✓
✓
✓

227.7(9.5) 274.6(8.4) 1.38(12)(6)⊙ 1.443(88)(48)⊙
240(15)(33) 290(09)(40) 1.17(11)(24) 1.22(06)(19)
250(23)†
291(18)†
−
−
∗
216(15)
266(18)∗
1.27(10)∗
1.33(6)∗
−
281(21)
−
1.17(17)

A⋆ ◦
C⋆ ◦

◦⋆✓
◦⋆✓

216(6)(8)
−

262(6)(8)
−

1.30(5)(3)
1.32(8)⋄

1.232(53)

1.32(5)(2)
1.36(8)⋄

PDG averages of decay constant fB 0 and fBs [51] are used to obtain these values.
2
B at µ = mb is converted to RGI by multiplying the 2-loop factor 1.517.
Reported fB
While wrong-spin contributions are not included in the HMrSχPT fits, the effect is expected to be
small for these quantities (see description in FLAG 13 [45]).
This result uses an old determination of r1 = 0.321(5) fm from Ref. [32] that has since been superseded, which however has only a small effect in the total error budget (see description in FLAG 13 [45]) .
Reported B at µ = mb = 4.35 GeV is converted to RGI by multiplying the 2-loop factor 1.521.

Table 43: Neutral B- and Bs -meson mixing matrix elements (in MeV) and bag parameters.

has not been published yet, thus the results will not be included in our averages presented
here. Their computation uses ensembles generated by the 2 + 1 flavour domain-wall fermion
(DWF) formulation. The use of the DWFs also for the heavy quarks makes the renormalization structure simple. Because of the chiral symmetry, the mixing is the same as in the
continuum theory. The operators for standard model mixing matrix elements are multiplicatively renormalized. Since they only report the SU(3) breaking ratio, the renormalization of
the operators is not needed. The lattice spacings employed are not as fine as some of the
recent results reported here. But, by applying successive stout link smearings in the heavy
DWF, the reach to heavy mass is improved, which allows them to simulate up to half of the
physical bottom mass. Two ensembles are of physical ud quark mass at a = 0.11 and 0.09 fm,
and there is yet another ensemble off the physical point but with finer lattice spacing, a = 0.07
fm. This is the first computation using physical light-quark mass for these quantities, which
yields a drastic reduction of the chiral extrapolation error.
The results that enter our averages for Nf = 2 + 1 are FNAL/MILC 16 [47], which had
been included in the averages at FLAG 19 [1], RBC/UKQCD 14A [19], included in the averages at FLAG 16 [53], and HPQCD 09 [23] for which a description is available in FLAG 13
[45]. Thus, the averages for Nf = 2 + 1 are unchanged:
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Collaboration
HPQCD 19A

[48]

2+1+1

A

◦ ◦

⋆

RBC/UKQCD 18A
FNAL/MILC 16
RBC/UKQCD 14A
FNAL/MILC 12
RBC/UKQCD 10C
HPQCD 09

[33]
[47]
[19]
[52]
[34]
[23]

2+1
2+1
2+1
2+1
2+1
2+1

P
A
A
A
A
A

⋆ ⋆
⋆ ◦

⋆ ⋆
⋆ ◦

2
2

A
C

⋆
⋆

ETM 13B
ETM 12A, 12B
⊙
∇

[9]
[28, 50]

2111.09849

ξ

◦✓

BBs /BBd

1.216(16)

1.008(25)

◦ ◦ ◦ ◦
◦ ◦ ⋆◦
■ ■ ■ ◦
◦ ◦∇ ◦ ◦

✓
✓
✓
✓
✓
✓

1.1939(67)(+95
−177 )
1.206(18)
1.208(41)(52)
1.268(63)
1.13(12)
1.258(33)

0.9984(45)(+80
−63 )
1.033(31)(26)⊙
1.028(60)(49)
1.06(11)
−
1.05(7)

◦ ◦
◦ ◦

✓
✓

1.225(16)(14)(22)
1.21(6)

1.007(15)(14)
1.03(2)

⋆
⋆

PDG average of the ratio of decay constants fBs /fB 0 [51] is used to obtain the value.
Wrong-spin contributions are not included in the HMrSχPT fits. As the effect may not be negligible,
these results are excluded from the average (see description in FLAG 13 [45]).

Table 44: Results for SU (3)-breaking ratios of neutral Bd - and Bs -meson mixing matrix
elements and bag parameters.

Nf = 2 + 1 :
q
fBd B̂Bd = 225(9) MeV
B̂Bd = 1.30(10)
ξ = 1.206(17)

fBs

q
B̂Bs = 274(8) MeV
B̂Bs = 1.35(6)

BBs /BBd = 1.032(38)

Refs. [19, 23, 47],

(230)

Refs. [19, 23, 47],

(231)

Refs. [19, 47].

(232)

Here all the above equations have not been changed from the FLAG 19. The averages were
obtained using the nested averaging scheme described in Sec. 2.3.2, due to a nested correlation
structure among the results. Details are discussed in the FLAG 19 report [1].
We have the first Nf = 2 + 1 + 1 calculation for these quantities by the HPQCD collaboration HPQCD 19A [48], using the MILC collaboration’s HISQ ensembles. The lattice spacings
used are 0.15, 0.12 and 0.09 fm, among which the mass of the Nambu-Goldstone pion (lightest
in the staggered taste multiplets) is as small as 130 MeV for two coarser lattices. However,
the smallest root-mean-squared pion mass through all taste multiplets is 241 MeV, which is
a similar size as the FNAL/MILC 16 result [47] with Nf = 2 + 1 and makes the rating on the
chiral extrapolation a green circle. The heavy quark formulation used is non-relativistic QCD
(NRQCD). The NRQCD action employed is improved from that used in older calculations,
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/
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Figure 30: The SU (3)-breaking quantities ξ and BBs /BBd [values in Tab. 44 and Eqs. (229),
(232), (235)].

especially by including one-loop radiative corrections to most of the coefficients of the O(vb4 )
terms [54]. The b-quark mass is pre-tuned with the spin-averaged kinetic mass of the Υ and
ηb states. Therefore, there is no need for extrapolation or interpolation on the b-quark mass.
The HISQ-NRQCD four-quark operators are matched through O(1/M ) and renormalized to
one-loop, which includes the effects of O(αs ), O(ΛQCD /M ), O(αs /aM ), and O(αs ΛQCD /M ).
The remaining error is dominated by O(αs ΛQCD /M ) 2.9% and O(αs2 ) 2.1% for individual
bag parameters. The bag parameters are the primary quantities calculated in this work. The
mixing matrix elements are obtained by combining the so-obtained bag parameters with the
B-meson decay constants calculated by Fermilab-MILC collaboration (FNAL/MILC 17 [14]).
Because this is the only result available for Nf = 2 + 1 + 1, we quote their values as the
FLAG estimates
Nf = 2 + 1 + 1:
fBd

q
B̂bd = 210.6(5.5) MeV

fBs

q
B̂Bs = 256.1(5.7) MeV

Ref. [48],

(233)

B̂Bd = 1.222(61)

B̂Bs = 1.232(53)

Ref. [48],

(234)

ξ = 1.216(16)

BBs /BBd = 1.008(25)

Ref. [48].

(235)

We note that the above results within same Nf (e.g., those in Eqs. (233-235)) are all correlated
with each other, due to the use of the same gauge field ensembles for different quantities. The
results are also correlated with the averages obtained in Sec. 8.1 and shown in Eqs. (207)–(209)
for Nf = 2, Eqs. (210)–(212) for Nf = 2 + 1 and Eqs. (213)–(215) for Nf = 2 + 1 + 1. This
is because the calculations of B-meson decay constants and mixing quantities are performed
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on the same (or on similar) sets of ensembles, and results obtained by a given collaboration
use the same actions and setups. These correlations must be considered when using our
averages as inputs
p to unitarity triangle (UT) fits. For this reason, if one were for example
to estimate fBs B̂s from the separate averages of fBs (Eq. (211)) and B̂s (Eq. (231)) for
Nf = 2 + 1, one would obtain a value about one standard deviation below the one quoted
above in Eq. (230). While these two estimates lead to compatible results, giving us confidence
that all uncertainties have been properly addressed, we do not recommend combining averages
this way, as many correlations would have to be taken into account to properly assess the
errors. We recommend instead using the numbers quoted above. In the future, as more
independent calculations enter the averages, correlations between the lattice-QCD inputs to
UT fits will become less significant.

8.3

Semileptonic form factors for B decays to light flavours

The Standard Model differential rate for the decay B(s) → P ℓν involving a quark-level b → u
transition is given, at leading order in the weak interaction, by a formula analogous to the
one for D decays in Eq. (181), but with D → B(s) and the relevant CKM matrix element
|Vcq | → |Vub |:
q
2
2
2
2
2
2
2
dΓ(B(s) → P ℓν) GF |Vub | (q − mℓ ) EP − mP
=
dq 2
24π 3
q 4 m2B(s)


m2ℓ
× 1 + 2 m2B(s) (EP2 − m2P )|f+ (q 2 )|2
2q

2
3mℓ 2
2 2
2 2
+ 2 (mB(s) − mP ) |f0 (q )| .
(236)
8q
Again, for ℓ = e, µ the contribution from the scalar form factor f0 can be neglected, and
one has a similar expression to Eq. (183), which, in principle, allows for a direct extraction
of |Vub | by matching theoretical predictions to experimental data. However, while for D (or
2
K) decays the entire physical range 0 ≤ q 2 ≤ qmax
can be covered with moderate momenta
2
accessible to lattice simulations, in B → πℓν decays one has qmax
∼ 26 GeV2 and only part
of the full kinematic range is reachable. As a consequence, obtaining |Vub | from B → πℓν is
more complicated than obtaining |Vcd(s) | from semileptonic D-meson decays.
In practice, lattice computations are restricted to large values of the momentum transfer
q 2 (see Sec. 7.2) where statistical and momentum-dependent discretization errors can be
controlled,2 which in existing calculations roughly cover the upper third of the kinematically
allowed q 2 range. Since, on the other hand, the decay rate is suppressed by phase space at
large q 2 , most of the semileptonic B → π events are observed in experiment at lower values
of q 2 , leading to more accurate experimental results for the binned differential rate in that
region.3 It is, therefore, a challenge to find a window of intermediate values of q 2 at which
both the experimental and lattice results can be reliably evaluated.
2
The variance of hadron correlation functions at nonzero three-momentum is dominated at large Euclidean
times by zero-momentum multiparticle states [55]; therefore the noise-to-signal grows more rapidly than for
the vanishing three-momentum case.
3
Upcoming data from Belle II are expected to significantly improve the precision of experimental results,
in particular, for larger values of q 2 .
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State-of-the-art determinations of CKM matrix elements, say, e.g., |Vub |, are obtained
from joint fits to lattice and experimental results, keeping the relative normalization |Vub |2
as a free parameter. This requires, in particular, that both experimental and lattice data
for the q 2 -dependence be parameterized by fitting data to specific ansätze, with the ultimate
aim of minimizing the systematic uncertainties involved. This plays a key role in assessing
the systematic uncertainties of CKM determinations, and will be discussed extensively in this
section. A detailed discussion of the parameterization of form factors as a function of q 2 can
be found in Appendix B.1.
8.3.1

Form factors for B → πℓν

The semileptonic decay process B → πℓν enables determination of the CKM matrix element
|Vub | within the Standard Model via Eq. (236). Early results for B → πℓν form factors came
from the HPQCD [56] and FNAL/MILC [57] collaborations. Only HPQCD provided results
for the scalar form factor f0 . Our 2016 review featured a significantly extended calculation
of B → πℓν from FNAL/MILC [58] and a new computation from RBC/UKQCD [59]. All
the above computations employ Nf = 2 + 1 dynamical configurations, and provide values
for both form factors f+ and f0 . In addition, HPQCD using MILC ensembles had published
the first Nf = 2 + 1 + 1 results for the B → πℓν scalar form factor, working at zero recoil
2 ) and pion masses down to the physical value [60]; this adds to previous reports
(q 2 = qmax
on ongoing work to upgrade their 2006 computation [61, 62]. Since this latter result has
no immediate impact on current |Vub | determinations, which come from the vector-formfactor-dominated decay channels into light leptons, we will from now on concentrate on the
Nf = 2 + 1 determinations of the q 2 -dependence of B → π form factors.
Several groups are working on new calculations of the B → π form factors and have
reported on their progress at the annual Lattice conferences and the 2020 Asia-Pacific Symposium for Lattice Field Theory. The results are preliminary or blinded, so not yet ready for
inclusion in this review. The JLQCD collaboration is using Möbius Domain Wall fermions
(including for the heavy quark) with a ≈ 0.08, 0.055, and 0.044 fm and pion masses down to
225 MeV to study this process [63–65]. FNAL/MILC is using Nf = 2 + 1 + 1 HISQ ensembles with a ≈ 0.15, 0.12, 0.088 fm, 0.057 fm, with Goldstone pion mass down to its physical
value [66, 67]. The RBC/UKQCD Collaborations have added a new Möbius-domain-wallfermion ensemble with a ≈ 0.07 fm and mπ ≈ 230 MeV to their analysis [68].
Returning to the calculations that contribute to our averages (with no new results since
FLAG 19), both the HPQCD and the FNAL/MILC computations of B → πℓν amplitudes use ensembles of gauge configurations with Nf = 2 + 1 flavours of rooted staggered
quarks produced by the MILC collaboration; however, the latest FNAL/MILC work makes
a much more extensive use of the currently available ensembles, both in terms of lattice
spacings and light-quark masses. HPQCD have results at two values of the lattice spacing
(a ≈ 0.12, 0.09 fm), while FNAL/MILC employs four values (a ≈ 0.12, 0.09, 0.06, 0.045 fm).
Lattice-discretization effects are estimated within heavy-meson rooted staggered chiral perturbation theory (HMrSχPT) in the FNAL/MILC computation, while HPQCD quotes the
results at a ≈ 0.12 fm as central values and uses the a ≈ 0.09 fm results to quote an uncertainty. The relative scale is fixed in both cases through the quark-antiquark potential-derived
ratio r1 /a. HPQCD set the absolute scale through the Υ 2S–1S splitting, while FNAL/MILC
uses a combination of fπ and the same Υ splitting, as described in Ref. [22]. The spatial extent of the lattices employed by HPQCD is L ≃ 2.4 fm, save for the lightest mass point (at
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a ≈ 0.09 fm) for which L ≃ 2.9 fm. FNAL/MILC, on the other hand, uses extents up to
L ≃ 5.8 fm, in order to allow for light-pion masses while keeping finite-volume effects under
control. Indeed, while in the 2006 HPQCD work the lightest RMS pion mass is 400 MeV,
the latest FNAL/MILC work includes pions as light as 165 MeV—in both cases the bound
mπ L ≳ 3.8 is kept. Other than the qualitatively different range of MILC ensembles used
in the two computations, the main difference between HPQCD and FNAL/MILC lies in the
treatment of heavy quarks. HPQCD uses the NRQCD formalism, with a 1-loop matching of
the relevant currents to the ones in the relativistic theory. FNAL/MILC employs the clover
action with the Fermilab interpretation, with a mostly nonperturbative renormalization of the
relevant currents, within which the overall renormalization factor of the heavy-light current
is written as a product of the square roots of the renormalization factors of the light-light
and heavy-heavy temporal vector currents (which are determined nonperturbatively) and a
residual factor that is computed using 1-loop perturbation theory. (See Tab. 45; full details
about the computations are provided in tables in Appendix C.6.3.)
The RBC/UKQCD computation is based on Nf = 2 + 1 DWF ensembles at two values
of the lattice spacing (a ≈ 0.12, 0.09 fm), and pion masses in a narrow interval ranging
from slightly above 400 MeV to slightly below 300 MeV, keeping mπ L ≳ 4. The scale is set
using the Ω− baryon mass. Discretization effects coming from the light sector are estimated
in the 1% ballpark using HMχPT supplemented with effective higher-order interactions to
describe cutoff effects. The b quark is treated using the Columbia RHQ action, with a mostly
nonperturbative renormalization of the relevant currents. Discretization effects coming from
the heavy sector are estimated with power-counting arguments to be below 2%.
Given the large kinematical range available in the B → π transition, chiral extrapolations are an important source of systematic uncertainty: apart from the eventual need to
reach physical pion masses in the extrapolation, the applicability of χPT is not guaranteed
for large values of the pion energy Eπ . Indeed, in all computations Eπ reaches values in
the 1 GeV ballpark, and chiral extrapolation systematics is the dominant source of errors.
FNAL/MILC uses SU (2) NLO HMrSχPT for the continuum-chiral extrapolation, supplemented by NNLO analytic terms and hard-pion χPT terms [69];4 systematic uncertainties
are estimated through an extensive study of the effects of varying the specific fit ansatz
and/or data range. RBC/UKQCD uses SU (2) hard-pion HMχPT to perform its combined
continuum-chiral extrapolation, and obtains estimates for systematic uncertainties by varying
the ansätze and ranges used in fits. HPQCD performs chiral extrapolations using HMrSχPT
formulae, and estimates systematic uncertainties by comparing the result with the ones from
fits to a linear behaviour in the light-quark mass, continuum HMχPT, and partially quenched
HMrSχPT formulae (including also data with different sea and valence light-quark masses).
FNAL/MILC and RBC/UKQCD describe the q 2 -dependence of f+ and f0 by applying a
BCL parameterization to the form factors extrapolated to the continuum limit, within the
range of values of q 2 covered by data. (A discussion of the various parameterizations can be
found in Appendix B.1.) RBC/UKQCD generate synthetic data for the form factors at some
values of q 2 (evenly spaced in z) from the continuous function of q 2 obtained from the joint
chiral-continuum extrapolation, which are then used as input for the fits. After having checked
that the kinematical constraint f+ (0) = f0 (0) is satisfied within errors by the extrapolation
4

It is important to stress the finding in Ref. [70] that the factorization of chiral logs in hard-pion χPT
breaks down, implying that it does not fulfill the expected requisites for a proper effective field theory. Its use
to model the mass dependence of form factors can thus be questioned.
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A
A
A

◦ ⋆ ◦ ✓
◦ ◦ ◦ ◦ ✓
◦ ◦ ◦ ◦ ✓

⋆

BCL
BCL
n/a

Table 45: Results for the B → πℓν semileptonic form factor.

to q 2 = 0 of the results of separate fits, this constraint is imposed to improve fit quality. In
the case of FNAL/MILC, rather than producing synthetic data a functional method is used
to extract the z-parameterization directly from the fit functions employed in the continuumchiral extrapolation. In the case of HPQCD, the parameterization of the q 2 -dependence of
(n)
form factors is somewhat intertwined with chiral extrapolations: a set of fiducial values {Eπ }
(n)
is fixed for each value of the light-quark mass, and f+,0 are interpolated to each of the Eπ ;
chiral extrapolations are then performed at fixed Eπ (i.e., mπ and q 2 are varied subject to
Eπ =constant). The interpolation is performed using a Ball-Zwicky (BZ) ansatz [71]. The
q 2 -dependence of the resulting form factors in the chiral limit is then described by means of
a BZ ansatz, which is cross-checked against Becirevic-Kaidalov (BK) [72], Richard Hill (RH)
[73], and Boyd-Grinstein-Lebed (BGL) [74] parameterizations (see Appendix B.1), finding
agreement within the quoted uncertainties. Unfortunately, the correlation matrix for the
values of the form factors at different q 2 is not provided, which severely limits the possibilities
of combining them with other computations into a global z-parameterization.
The different ways in which the current results are presented do not allow a straightforward
averaging procedure. RBC/UKQCD only provides synthetic values of f+ and f0 at a few
values of q 2 as an illustration of their results, and FNAL/MILC does not quote synthetic
values at all. In both cases, full results for BCL z-parameterizations defined by Eq. (532) are
quoted. In the case of HPQCD 06, unfortunately, a fit to a BCL z-parameterization is not
possible, as discussed above.
In order to combine these form factor calculations, we start from sets of synthetic data for
several q 2 values. HPQCD and RBC/UKQCD directly provide this information; FNAL/MILC
present only fits to a BCL z-parameterization from which we can easily generate an equivalent
set of form factor values. It is important to note that in both the RBC/UKQCD synthetic
data and the FNAL/MILC z-parameterization fits the kinematic constraint at q 2 = 0 is
automatically included (in the FNAL/MILC case the constraint is manifest in an exact de0
generacy of the (a+
n , an ) covariance matrix). Due to these considerations, in our opinion, the
most accurate procedure is to perform a simultaneous fit to all synthetic data for the vector
and scalar form factors. Unfortunately, the absence of information on the correlation in the
HPQCD result between the vector and scalar form factors even at a single q 2 point makes
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it impossible to include consistently this calculation in the overall fit. In fact, the HPQCD
and FNAL/MILC statistical uncertainties are highly correlated (because they are based on
overlapping subsets of MILC Nf = 2 + 1 ensembles) and, without knowledge of the f+ − f0
correlation we are unable to construct the HPQCD-FNAL/MILC off-diagonal entries of the
overall covariance matrix.
In conclusion, we will present as our best result a combined vector and scalar form factor
fit to the FNAL/MILC and RBC/UKQCD results that we treat as completely uncorrelated.
For sake of completeness, we will also show the results of a vector form factor fit alone in
which we include one HPQCD datum at q 2 = 17.34 GeV2 assuming conservatively a 100%
correlation between the statistical error of this point and of all FNAL/MILC synthetic data.
In spite of contributing just one point, the HPQCD datum has a significant weight in the fit
due to its small overall uncertainty. We stress again that this procedure is slightly inconsistent
because FNAL/MILC and RBC/UKQCD include information on the kinematic constraint at
q 2 = 0 in their f+ results.
The resulting data set is then fitted to the BCL parameterization in Eqs. (532) and (533).
We assess the systematic uncertainty due to truncating the series expansion by considering fits
to different orders in z. In Fig. 31, we show the FNAL/MILC, RBC/UKQCD, and HPQCD
data points for (1 − q 2 /m2B ∗ )f+ (q 2 ) and f0 (q 2 ) versus z. The data is highly linear and we
get χ2 /dof = 0.82 with N + = N 0 = 3. Note that this implies three independent parameters
for f+ corresponding to a polynomial through O(z 3 ) and two independent parameters for f0
corresponding to a polynomial through O(z 2 ) (the coefficient a02 is fixed using the q 2 = 0
kinematic constraint). We cannot constrain the coefficients of the z-expansion beyond this
order; for instance, including a fourth parameter in f+ results in 100% uncertainties on a+
2
+ = N 0 = 3 BCL fit to the FNAL/MILC
and a+
3 . The outcome of the five-parameter N
+,0
and
and RBC/UKQCD calculations is shown in Tab. 46. The uncertainties on a+,0
0 , a1
+
+
0
a2 encompass the central values obtained from N = 2, 4 and N = 2, 4, 5 fits and thus
adequately reflect the systematic uncertainty on those series coefficients. The fit shown in
Tab. 46 can therefore be used as the averaged FLAG result for the lattice-computed form
+ +
factor f+ (q 2 ). The coefficient a+
3 can be obtained from the values for a0 –a2 using Eq. (531).
The coefficient a02 can be obtained from all other coefficients imposing the f+ (q 2 = 0) =
f0 (q 2 = 0) constraint. The fit is illustrated in Fig. 31. We emphasize that future lattice-QCD
calculations of semileptonic form factors should publish their full statistical and systematic
correlation matrices to enable others to use the data. It is also preferable to present a set of
synthetic form factors data equivalent to the z-fit results, since this allows for an independent
analysis that avoids further assumptions about the compatibility of the procedures to arrive
at a given z-parameterization.5 It is also preferable to present covariance/correlation matrices
with enough significant digits to calculate correctly all their eigenvalues.
For the sake of completeness, we present also a standalone z-fit to the vector form factor.
In this fit, we are able to include the single f+ point at q 2 = 17.34 GeV2 that we mentioned
above. This fit uses the FNAL/MILC and RBC/UKQCD results that do make use of the
kinematic constraint at q 2 = 0, but is otherwise unbiased. The results of the three-parameter
BCL fit to the HPQCD, FNAL/MILC and RBC/UKQCD calculations of the vector form
5
Note that generating synthetic data is a trivial task, but less so is choosing the number of required points
and the q 2 values that lead to an optimal description of the form factors.
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B → π (Nf = 2 + 1)
Central Values
+
a0
0.404 (13)
+
a1
−0.68 (13)
+
a2
−0.86 (61)
0
a0
0.490 (21)
0
a1
−1.61 (16)

1
0.404
0.118
0.327
0.344

2111.09849

Correlation Matrix
0.404 0.118 0.327
1
0.741 0.310
0.741
1
0.363
0.310 0.363
1
0.900 0.886 0.233

0.344
0.900
0.886
0.233
1

Table 46: Coefficients and correlation matrix for the N + = N 0 = 3 z-expansion fit of the
B → π form factors f+ and f0 . The coefficient a02 is fixed by the f+ (q 2 = 0) = f0 (q 2 = 0)
constraint. The chi-square per degree of freedom is χ2 /dof = 0.82. The lattice calculations
that enter this fit are taken from FNAL/MILC 15 [58] and RBC/UKQCD 15 [59]. The
parameterizations are defined in Eqs. (532) and (533).
f0 average
f+ average
f+ HPQCD 06
f+ FNAL/MILC 15
f+ RBC/UKQCD 15
f0 FNAL/MILC 15
f0 RBC/UKQCD 15

7.0
6.0
f B→π (q 2 )

B(q 2 ) f B→π (q 2 )

8.0

f0 average
f+ average
f+ HPQCD 06
f+ FNAL/MILC 15
f+ RBC/UKQCD 15
f0 FNAL/MILC 15
f0 RBC/UKQCD 15

0.8
0.6
0.4

5.0
4.0
3.0
2.0

0.2
0.0

FLAG 2021

II

II

FLAG 2021

1.0

1.0
-0.3

-0.2

-0.1

0.0
z(q 2 , topt )

0.1

0.2

0.0

0.3

0

5

10

15
q 2 [GeV2 ]

20

25

Figure 31: The form factors f+ (q 2 ) and f0 (q 2 ) for B → πℓν plotted versus z (left panel) and
q 2 (right panel). In the left plot, we removed the Blaschke factors. See text for a discussion
of the data set. The grey and salmon bands display our preferred N + = N 0 = 3 BCL fit (five
parameters).

factor are:
Nf = 2 + 1 :

a+
0 = 0.421(13) ,

a+
a+
1 = −0.35(10) ,
2 = −0.41(64) ;


1.000 0.306 0.084
corr(ai , aj ) =  0.306 1.000 0.856  .
0.084 0.856 1.000

(237)

Note that the a+
0 coefficient, that is the most relevant for input to the extraction of Vub from
semileptonic B → πℓνℓ (ℓ = e, µ) decays, shifts by about a standard deviation.
8.3.2

Form factors for Bs → Kℓν

Similar to B → πℓν, measurements of Bs → Kℓν decay rates enable determinations of the
CKM matrix element |Vub | within the Standard Model via Eq. (236). From the lattice point
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of view, the two channels are very similar. As a matter of fact, Bs → Kℓν is actually
somewhat simpler, in that the kaon mass region is easily accessed by all simulations making
the systematic uncertainties related to chiral extrapolation smaller.
At the time of our FLAG 19 review [1], results for Bs → Kℓν form factors were provided
by HPQCD [75] and RBC/UKQCD [59] for both form factors f+ and f0 , in both cases using
Nf = 2 + 1 dynamical configurations. HPQCD has recently emphasized the value of using
ratios of form factors for the processes Bs → Kℓν and Bs → Ds ℓν for the determination
of |Vub /Vcb | [76]. In the FLAG Review 19 [1], FNAL/MILC preliminary results had been
reported for both Nf = 2 + 1 [77] and Nf = 2 + 1 + 1 [66], but were not included in the
average due to their non-final status. The Nf = 2 + 1 results have since been published [78];
we will, therefore, include them in the average here.
The RBC/UKQCD computation has been published together with the B → πℓν computation discussed in Sec. 8.3.1, all technical details being practically identical. The main difference is that errors are significantly smaller, mostly due to the reduction of systematic uncertainties due to the chiral extrapolation. Detailed information is provided in Appendix C.6.3.
The RBC/UKQCD collaboration is also working on an improved determination of Bs → K
form factors that includes a finer lattice spacing, with preliminary results shown in Ref. [68],
but these results cannot yet be included in the average. The HPQCD computation uses ensembles of gauge configurations with Nf = 2 + 1 flavours of asqtad rooted staggered quarks
produced by the MILC collaboration at two values of the lattice spacing (a ≈ 0.12, 0.09 fm),
for three and two different sea-pion masses, respectively, down to a value of 260 MeV. The
b quark is treated within the NRQCD formalism, with a 1-loop matching of the relevant
currents to the ones in the relativistic theory, omitting terms of O(αs ΛQCD /mb ). The HISQ
action is used for the valence s quark. The continuum-chiral extrapolation is combined with
the description of the q 2 -dependence of the form factors into a modified z-expansion (cf. Appendix B.1) that formally coincides in the continuum with the BCL ansatz. The dependence
of form factors on the pion energy and quark masses is fitted to a 1-loop ansatz inspired by
hard-pion χPT [69], that factorizes out the chiral logarithms describing soft physics. The
FNAL/MILC computation coincides with HPQCD’s in using ensembles of gauge configurations with Nf = 2 + 1 flavours of asqtad rooted staggered quarks produced by the MILC
collaboration, but only one ensemble is shared, and a different valence regularization is employed; we will thus treat the two results as fully independent from the statistics point of
view. FNAL/MILC uses three values of the lattice spacing (a ≈ 0.12, 0.09, 0.06 fm); only
one value of the sea pion mass and the volume is available at the extreme values of the lattice
spacing, while four different masses and volumes are considered at a = 0.09 fm. Heavy quarks
are treated within the Fermilab approach. HMrSχPT expansion is used at next-to-leading
order in SU (2) and leading order in 1/MB , including next-to-next-to-leading-order (NNLO)
analytic and generic discretization terms, to perform continuum-chiral extrapolations. Hard
kaons are assumed to decouple, i.e., their effect is reabsorbed in the SU (2) LECs. Continuumand chiral-extrapolated values of the form factors are fitted to a z-parametrization imposing
the kinematical constraint f+ (0) = f0 (0). See Tab. 47 and the tables in Appendix C.6.3 for
full details.
In order to combine the results for the q 2 dependence of the form factors from the three
collaborations, we will follow a similar approach to the one adopted above for B → πℓν, and
produce synthetic data from the preferred fits quoted in the papers, to obtain a dataset to
which a joint fit can be performed. Note that the kinematic constraint at q 2 = 0 is included
in all three cases; we will impose it in our fit as well, since the synthetic data will implicitly
21

Y. Aoki et al.

FLAG Review 2021

Collaboration

Ref. Nf

pu
bli
c

ati
on
s

tat
con
us
tin
uu
m
chi
ext
ral
rap
ext
ola
rap
tio
fin
ola
n
ite
tio
vo
n
l um
ren
e
orm
ali
zat
he
ion
av
y-q
ua
rk
z -p
tre
ara
atm
me
ent
ter
iza
tio
n

2111.09849

FNAL/MILC 19
RBC/UKQCD 15
HPQCD 14

[78] 2+1
[59] 2+1
[75] 2+1

A
A
A

†

◦ ⋆ ◦ ✓
◦ ◦ ◦ ◦ ✓
◦ ◦ ◦ ◦ ✓

⋆

BCL
BCL
BCL†

Results from modified z-expansion.

Table 47: Summary of lattice calculations of the Bs → Kℓν semileptonic form factors.

depend on that fitting choice. However, it is worth mentioning that the systematic uncertainty
of the resulting extrapolated value f+ (0) = f0 (0) can be fairly large, the main reason being
the required long extrapolation from the high-q 2 region covered by lattice data. While we
stress that the average far away from the high-q 2 region has to be used carefully, it is possible
that increasing the number of z coefficients beyond what is sufficient for a good description of
the lattice data and using unitarity constraints to control the size of additional terms, might
yield fits with a more stable extrapolation at very low q 2 . We plan to include said unitarity
analysis into the next edition of the FLAG review. It is, however, important to emphasize
that joint fits with experimental data, where the latter accurately map the q 2 region, are
expected to be safe.
p
Our fits employ a BCL ansatz with t+ = (MB + Mπ )2 and t0 = t+ − t+ (t+ − t−), with
t− = (MBs − MK )2 . Our pole factors will contain a single pole in both the vector and scalar
channels, for which we take the mass values MB ∗ = 5.32465 GeV and MB ∗ (0+ ) = 5.68 GeV.6
The constraint f+ (0) = f0 (0) is imposed by expressing the coefficient b0N 0 −1 in terms of all
others. The outcome of the seven-parameter N + = N 0 = 4 BCL fit, which we quote as our
preferred result, is shown in Tab. 48. The fit has a chi-square per degree of freedom χ2 /dof =
2
1.54. Following the PDG recommendation, we rescale
p the whole covariance matrix by χ /dof:
the errors on the z-parameters are increased by χ2 /dof = 1.24 and the correlation matrix
is unaffected. The parameters shown in Tab. 48 provide the averaged FLAG results for the
lattice-computed form factors f+ (q 2 ) and f0 (q 2 ). The coefficient a+
4 can be obtained from the
+
7
values for a+
–a
using
Eq.
(531).
The
fit
is
illustrated
in
Fig.
32.
0
3
We will conclude by pointing out progress in the application of the npHQET method to the
6

These are the values used in the FNAL/MILC determination, while HPQCD and RBC/UKQCD use
MB ∗ (0+) = 5.6794(10) GeV and MB ∗ (0+) = 5.63 GeV, respectively. They also employ different values of t+
and t0 than employed here, which again coincide with FNAL/MILC’s choice.
7
Note that in FLAG 19 [1] we had adopted the threshold t+ = (MBs +MK )2 rather than t+ = (MB +Mπ )2 .
This change impacted the z-range which the physical q 2 interval maps onto. We also point out that, in the
FLAG 19 version of Fig. 32, the three synthetic f0 data points from HPQCD were plotted incorrectly, but this
did not affect the fit.
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Bs → K (Nf = 2 + 1)
Central Values
+
a0
0.374 (12)
+
a1
-0.672 (64)
+
a2
0.07 (31)
+
a3
1.34 (52)
0
a0
0.2203 (68)
0
a1
0.089 (57)
0
a2
0.24 (23)

FLAG Review 2021

1
0.2471
-0.1715
-0.2396
0.6445
0.3791
0.2857

0.2471
1
0.4198
0.1724
0.4626
0.8183
0.7948

Correlation Matrix
-0.1715 -0.2396 0.6445
0.4198 0.1724 0.4626
1
0.8136 0.3804
0.8136
1
0.2823
0.3804 0.2823
1
0.7293 0.5120 0.6570
0.7481 0.5529 0.4837

2111.09849

0.3791
0.8183
0.7293
0.5120
0.6570
1
0.9220

0.2857
0.7948
0.7481
0.5529
0.4837
0.9220
1

Table 48: Coefficients and correlation matrix for the N + = N 0 = 4 z-expansion of the
Bs → K form factors f+ and f0 . The coefficient a03 is fixed by the f+ (q 2 = 0) = f0 (q 2 = 0)
2
constrain. The chi-square per degree
p of freedom is χ /dof = 1.54 and the errors on the
z-parameters have been rescaled by χ2 /dof = 1.24.
extraction of semileptonic form factors, reported for Bs → K transitions in Ref. [79], which
extends the work of Ref. [80]. This is a methodological study based on CLS Nf = 2 ensembles
at two different values of the lattice spacing and pion masses, and full 1/mb corrections are
incorporated within the npHQET framework. Emphasis is on the role of excited states in
the extraction of the bare form factors, which are shown to pose an impediment to reaching
precisions better than a few percent.
8.3.3

Form factors for rare and radiative B-semileptonic decays to light flavours

Lattice-QCD input is also available for some exclusive semileptonic decay channels involving
neutral-current b → q transitions at the quark level, where q = d, s. Being forbidden at tree
level in the SM, these processes allow for stringent tests of potential new physics; simple
examples are B → K ∗ γ, B → K (∗) ℓ+ ℓ− , or B → πℓ+ ℓ− where the B meson (and therefore
the light meson in the final state) can be either neutral or charged.
The corresponding SM effective weak Hamiltonian is considerably more complicated than
the one for the tree-level processes discussed above: after integrating out the top quark and
the W boson, as many as ten dimension-six operators formed by the product of two hadronic
currents or one hadronic and one leptonic current appear.8 Three of the latter, coming from
penguin and box diagrams, dominate at short distances and have matrix elements that, up
to small QED corrections, are given entirely in terms of B → (π, K, K ∗ ) form factors. The
matrix elements of the remaining seven operators can be expressed, up to power corrections
whose size is still unclear, in terms of form factors, decay constants and light-cone distribution
amplitudes (for the π, K, K ∗ and B mesons) by employing OPE arguments (at large di-lepton
invariant mass) and results from Soft Collinear Effective Theory (at small di-lepton invariant
mass). In conclusion, the most important contributions to all of these decays are expected
to come from matrix elements of current operators (vector, tensor, and axial-vector) between
one-hadron states, which in turn can be parameterized in terms of a number of form factors
(see Ref. [82] for a complete description).
8

See, e.g., Ref. [81] and references therein.
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Figure 32: The form factors f+ (q 2 ) and f0 (q 2 ) for Bs → Kℓν plotted versus z (left panel) and
q 2 (right panel). In the left plot, we remove the Blaschke factors. See text for a discussion
of the data sets. The grey and salmon bands display our preferred N + = N 0 = 4 BCL fit
(seven parameters).

FNAL/MILC 15D
HPQCD 13E

[83] 2+1
[84] 2+1

A
A

◦ ⋆ ◦ ✓
◦ ◦ ◦ ◦ ✓

⋆

BCL
BCL

Table 49: Summary of lattice calculations of the B → K semileptonic form factors.

In channels with pseudoscalar mesons in the final state, the level of sophistication of lattice calculations is similar to the B → π case and there are results for the vector, scalar,
and tensor form factors for B → Kℓ+ ℓ− decays by HPQCD [84], and more recent results
for both B → πℓ+ ℓ− [85] and B → Kℓ+ ℓ− [83] from FNAL/MILC. Full details about these
two calculations are provided in Tab. 49 and in Appendix C.6.4. Both computations employ
MILC Nf = 2 + 1 asqtad ensembles. HPQCD [86] and FNAL/MILC [87] have also companion papers in which they calculate the Standard Model predictions for the differential
branching fractions and other observables and compare to experiment. The HPQCD computation employs NRQCD b quarks and HISQ valence light quarks, and parameterizes the
form factors over the full kinematic range using a model-independent z-expansion as in Appendix B.1, including the covariance matrix of the fit coefficients. In the case of the (separate)
FNAL/MILC computations, both of them use Fermilab b quarks and asqtad light quarks, and
a BCL z-parameterization of the form factors.
Reference [85] includes results for the tensor form factor for B → πℓ+ ℓ− not included in
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B → π (Nf = 2 + 1)
Central Values
T
a0
0.393(17)
T
a1
−0.65(23)
T
a2
−0.6(1.5)
T
a3
0.1(2.8)

2111.09849

Correlation Matrix
1.000 0.400 0.204 0.166
0.400 1.000 0.862 0.806
0.204 0.862 1.000 0.989
0.166 0.806 0.989 1.000

Table 50: Coefficients and correlation matrix for the N + = N 0 = 3 z-expansion of the B → π
form factor fT .
previous publications on the vector and scalar form factors [58]. Nineteen ensembles from
four lattice spacings are used to control continuum and chiral extrapolations. The results for
Nz = 4 z-expansion of the tensor form factor and its correlations with the expansions for the
vector and scalar form factors, which we consider the FLAG estimate, are shown in Tab. 50.
Partial decay widths for decay into light leptons or τ + τ − are presented as a function of q 2 .
The former is compared with results from LHCb [88], while the latter is a prediction.
The averaging of the HPQCD and FNAL/MILC results for the B → K form factors
is similar to our treatment of the B → π and Bs → K form factors. In this case, even
though the statistical uncertainties are partially correlated because of some overlap between
the adopted sets of MILC ensembles, we choose to treat the two calculations as independent.
The reason is that, in B → K, statistical uncertainties are subdominant and cannot be
easily extracted from the results presented by HPQCD and FNAL/MILC. Both collaborations
provide only the outcome of a simultaneous z-fit to the vector, scalar and tensor form factors,
that we use to generate appropriate synthetic data. We then impose the kinematic constraint
f+ (q 2 = 0) = f0 (q 2 = 0) and fit to (N + = N 0 = N T = 3) BCL parameterization. The
functional forms of the form factors that we use are identical to those adopted in Ref. [87].9
The results of the fit are presented in Tab. 51. The fit is illustrated in Fig. 33. Note that
the average for the fT form factor appears to prefer the FNAL/MILC synthetic data. This
happens because we perform a correlated fit of the three form factors simultaneously (both
FNAL/MILC and HPQCD present covariance matrices that include correlations between
all form factors). We checked that the average for the fT form factor, obtained neglecting
correlations with f0 and f+ , is a little lower and lies in between the two data sets. There
is still a noticeable tension between the FNAL/MILC and HPQCD data for the tensor form
factor; indeed, a standalone fit to these data results in χ2red = 7.2/3 = 2.4, while a similar
standalone joint fit to f+ and f0 has χ2red = 9.2/7 = 1.3. Finally, the global fit that is shown
in the figure has χ2red = 18.6/10 = 1.86.
Lattice computations of form factors in channels with a vector meson in the final state
face extra challenges with respect to the case of a pseudoscalar meson: the state is unstable,
and the extraction of the relevant matrix element from correlation functions is significantly
more complicated; χPT cannot be used as a guide to extrapolate results at unphysically heavy
pion masses to the chiral limit. While field-theory procedures to take resonance effects into
account are available [90–100], they have not yet been implemented in the existing preliminary
9

Note in particular that not much is known about the sub-threshold poles for the scalar form factor.
∗
FNAL/MILC includes one pole at the Bs0
mass as taken from the calculation in Ref. [89].
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Figure 33: The B → K form factors f+ (q 2 ), f0 (q 2 ) and fT (q 2 ) plotted versus z (left panels)
and q 2 (right panels). In the plots as a function of z, we remove the Blaschke factors. See
text for a discussion of the data sets. The grey, salmon and blue bands display our preferred
N + = N 0 = N T = 3 BCL fit (eight parameters).
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B → K (Nf = 2 + 1)
Central Values
+
a0
0.471 (14)
+
a1
−0.74 (16)
+
a2
0.32 (71)
0
a0
0.301 (10)
0
a1
0.40 (15)
T
a0
0.455 (21)
T
a1
−1.00 (31)
T
a2
−0.9 (1.3)

FLAG Review 2021

1
0.513
0.128
0.773
0.594
0.613
0.267
0.118

0.513
1
0.668
0.795
0.966
0.212
0.396
0.263

Correlation Matrix
0.128 0.773 0.594 0.613
0.668 0.795 0.966 0.212
1
0.632 0.768 -0.104
0.632
1
0.864 0.393
0.768 0.864
1
0.235
-0.104 0.393 0.235
1
0.0440 0.244 0.333 0.711
0.187 0.200 0.253 0.608

2111.09849

0.267
0.396
0.0440
0.244
0.333
0.711
1
0.903

0.118
0.263
0.187
0.200
0.253
0.608
0.903
1

Table 51: Coefficients and correlation matrix for the N + = N 0 = N T = 3 z-expansion of the
B → K form factors f+ , f0 and fT . The coefficient a02 is fixed by the f+ (q 2 = 0) = f0 (q 2 = 0)
2
constraint. The chi-square per degree
p of freedom is χ /dof = 1.86 and the errors on the
z-parameters have been rescaled by χ2 /dof = 1.36.
computations, which therefore suffer from uncontrolled systematic errors in calculations of
weak decay form factors into unstable vector meson final states, such as the K ∗ or ρ mesons.10
As a consequence of the complexity of the problem, the level of maturity of these computations is significantly below the one present for pseudoscalar form factors. Therefore, we
only provide a short guide to the existing results. Horgan et al. have obtained the seven form
factors governing B → K ∗ ℓ+ ℓ− (as well as those for Bs → ϕ ℓ+ ℓ− and for the charged-current
decay Bs → K ∗ ℓν) in Ref. [101] using NRQCD b quarks and asqtad staggered light quarks.
In this work, they use a modified z-expansion to simultaneously extrapolate to the physical
light-quark masses and fit the q 2 -dependence. As discussed above, the unstable nature of
the vector mesons was not taken into account. Horgan et al. use their form-factor results
to calculate the differential branching fractions and angular distributions and discuss the implications for phenomenology in a companion paper [102]. An update of the form factor fits
that enforces endpoint relations and also provides the full correlation matrices can be found in
Ref. [103]. Finally, preliminary results on B → K ∗ ℓ+ ℓ− and Bs → ϕℓ+ ℓ− by RBC/UKQCD
have been reported in Refs. [104–106].

8.4

∗
Semileptonic form factors for B(s) → D(s) ℓν and B(s) → D(s)
ℓν

∗ ℓν have been studied extensively
The semileptonic processes B(s) → D(s) ℓν and B(s) → D(s)
by experimentalists and theorists over the years. They allow for the determination of the
CKM matrix element |Vcb |, an extremely important parameter of the Standard Model. The
matrix element Vcb appears in many quantities that serve as inputs to CKM unitarity triangle
analyses and reducing its uncertainties is of paramount importance. For example, when ϵK ,
the measure of indirect CP violation in the neutral kaon system, is written in terms of the
parameters ρ and η that specify the apex of the unitarity triangle, a factor of |Vcb |4 multiplies
the dominant term. As a result, the errors coming from |Vcb | (and not those from BK ) are
10

In cases such as B → D∗ transitions, that will be discussed below, this is much less of a practical problem
due to the very narrow nature of the resonance.
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now the dominant uncertainty in the Standard Model (SM) prediction for this quantity.
The decay rate for B → Dℓν can be parameterized in terms of vector and scalar form
factors in the same way as, e.g., B → πℓν (see Sec. 8.3). The decay rate for B → D∗ ℓν is
different because the final-state hadron is spin-1. There are four form factors used to describe
the vector and axial-vector current matrix elements that are needed to calculate this decay.
We define the 4-velocity of the meson P as vP = pP /mP and the polarization vector of the
D∗ as ϵ. When the light lepton ℓ = e, or µ, it is traditional to use w = vB · vD(∗) rather than
q 2 as the variable upon which the form factors depend. Then, the form factors hV and hAi ,
with i = 1, 2 or 3 are defined by
√

α β
mB mD∗ hV (w)εµναβ ϵ∗ν vD
(238)
∗v
B,


√
∗µ
∗
∗
∗
⟨D |Aµ |B⟩ = i mB mD∗ hA1 (w)(1 + w)ϵ − hA2 (w)ϵ · vB vB µ − hA3 (w)ϵ · vB vD∗ µ .
(239)

⟨D∗ |Vµ |B⟩ =

The differential decay rates can then be written as11
dΓB − →D0 ℓ− ν̄ G2F m3D
=
(mB + mD )2 (w2 − 1)3/2 |ηEW |2 |Vcb |2 |G(w)|2 ,
dw
48π 3
dΓB − →D0∗ ℓ− ν̄ G2F m3D∗
=
(mB − mD∗ )2 (w2 − 1)1/2 |ηEW |2 |Vcb |2 χ(w)|F(w)|2 ,
dw
4π 3

(240)
(241)

where w = vB · vD(∗) (depending on whether the final-state meson is D or D∗ ) and ηEW =
1.0066 is the 1-loop electroweak correction [107]. The function χ(w) in Eq. (241) depends
on the recoil w and the meson masses, and reduces to unity at zero recoil [81].12 These
formulas do not include terms that are proportional to the lepton mass squared, which can be
neglected for ℓ = e, µ. Further details of the definitions of F and G (which can be expressed
in terms of the form factors hV and hAi ) may be found, e.g., in Ref. [81]. Until recently, most
unquenched lattice calculations for B → D∗ ℓν and B → Dℓν decays focused on the form
∗
factors at zero recoil F B→D (1) and G B→D (1); these can then be combined with experimental
input to extract |Vcb |. The main reasons for concentrating on the zero recoil point are that
(i) the decay rate then depends on a single form factor, and (ii) for B → D∗ ℓν, there are no
O(ΛQCD /mQ ) contributions due to Luke’s theorem [108]. Further, the zero recoil form factor
can be computed via a double ratio in which most of the current renormalization cancels
and heavy-quark discretization errors are suppressed by an additional power of ΛQCD /mQ .
Recent work on B → D(∗) ℓν transitions has started to explore the dependence of the relevant
form factors on the momentum transfer, using a similar methodology to the one employed in
B → πℓν transitions; see Sec. 8.3 for a detailed discussion.
11

These are the only meson decay channels dealt with in this review where we apply the Sirlin correction factor ηEW , that incorporates leading-order, structure-independent corrections. This is in keeping with common
practice. While including ηEW in the analysis of b → c transitions is nearly universal in the literature, this is
not so in other flavour-changing decays. It is worth stressing that this is just part of the expected corrections
—cf. the discussion of QED corrections in the sections of this review dealing with light meson decay— and
therefore its inclusion is largely arbitrary, insofar as a precise control of the full corrections, including the
structure-dependent ones, is unavailable for a given channel. It is also necessary to remark, on the other hand,
that different practices contribute to a small ambiguity in the comparison of CKM matrix elements determined
from different decays, precisely of the order of the typically neglected electromagnetic corrections.
12
The reason to keep the factor χ(w) outside the combination of form factors that defines F(w) is conventional, and inspired by the heavy-quark limit. One particular consequence of this notation is that at zero recoil
F(1) = hA1 (1).
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Early computations of the form factors for B → Dℓν decays include Nf = 2 + 1 results by FNAL/MILC [109, 110] for G B→D (1) and the Nf = 2 study by Atoui et al. [111],
that in addition to providing G B→D (1) explored the w > 1 region. This latter work also
provided the first results for Bs → Ds ℓν amplitudes, again including information about the
∗
momentum-transfer dependence. The first published unquenched results for F B→D (1), obtained by FNAL/MILC, date from 2008 [112]. In 2014 and 2015, significant progress was
∗
achieved in Nf = 2 + 1 computations: the FNAL/MILC value for F B→D (1) was updated
in Ref. [113], and full results for B → Dℓν at w ≥ 1 were published by FNAL/MILC [114]
and HPQCD [115]. These works also provided full results for the scalar form factor, allowing analysis of the decay with a final-state τ . In the FLAG 19 review [1], we included
new results for Bs → Ds ℓν form factors over the full kinematic range for Nf = 2 + 1 from
∗ ℓν form factors at zero recoil with N = 2 + 1 + 1 also
HPQCD [116, 117], and for B(s) → D(s)
f
from HPQCD [118, 119]. Most recently, HPQCD published further new calculations of the
Bs → Ds∗ form factor at zero recoil [120] and of the Bs → Ds form factors in the full kinematic
range [121], now using MILC’s HISQ Nf = 2+1+1 ensembles and using the HISQ action also
for the b quark. Both of these calculations have recently been used by LHCb to determine
|Vcb | [122, 123], as discussed further in Sec. 8.9. Improved calculations of the B → D and
Bs → Ds form factors are also underway by RBC/UKQCD [68], and the Fermilab/MILC
computation of the B → D∗ form factors at nonzero recoil is nearing completion [124]. The
JLQCD collaboration also presented preliminary results for the B → D and B → D∗ form
factors, both at nonzero recoil [125].
In the discussion below, we mainly concentrate on the latest generation of results, which
supersedes previous Nf = 2 + 1 determinations and allows for an extraction of |Vcb | that
incorporates information about the q 2 -dependence of the decay rate (cf. Sec. 8.9).
8.4.1

B(s) → D(s) decays

We will first discuss the Nf = 2 + 1 computations of B → Dℓν by FNAL/MILC and HPQCD
mentioned above, both based on MILC asqtad ensembles. Full details about all the computations are provided in Tab. 54 and in the tables in Appendix C.6.5.
The FNAL/MILC study [114] employs ensembles at four values of the lattice spacing
ranging between approximately 0.045 fm and 0.12 fm, and several values of the light-quark
mass corresponding to pions with RMS masses ranging between 260 MeV and 670 MeV (with
just one ensemble with MπRMS ≃ 330 MeV at the finest lattice spacing). The b and c quarks
are treated using the Fermilab approach. The quantities directly studied are the form factors
h± defined by
⟨D(pD )|ic̄γµ b|B(pB )⟩
= h+ (w)(vB + vD )µ + h− (w)(vB − vD )µ ,
√
mD mB

(242)

which are related to the standard vector and scalar form factors by
1
f+ (q 2 ) = √ [(1 + r)h+ (w) − (1 − r)h− (w)] ,
2 r


√ 1+w
1−w
2
f0 (q ) = r
h+ (w) +
h− (w) ,
1+r
1−r

(243)
(244)

with r = mD /mB . (Recall that q 2 = (pB −pD )2 = m2B +m2D −2wmB mD .) The√hadronic form
factor relevant for experiment, G(w), is then obtained from the relation G(w) = 4rf+ (q 2 )/(1+
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r). The form factors are obtained from double ratios of three-point functions in which the
flavour-conserving current renormalization factors cancel. The remaining matching factor to
the flavour-changing normalized current is estimated with 1-loop lattice perturbation theory.
In order to obtain h± (w), a joint continuum-chiral fit is performed to an ansatz that contains the light-quark mass and lattice-spacing dependence predicted by next-to-leading order
HMrSχPT, and the leading dependence on mc predicted by the heavy-quark expansion (1/m2c
for h+ and 1/mc for h− ). The w-dependence, which allows for an interpolation in w, is given
by analytic terms up to (1 − w)2 , as well as a contribution from the logarithm proportional
2
to gD
∗ Dπ . The total resulting systematic error, determined as a function of w and quoted at
the representative point w = 1.16 as 1.2% for f+ and 1.1% for f0 , dominates the final error
budget for the form factors. After f+ and f0 have been determined as functions of w within
the interval of values of q 2 covered by the computation, synthetic data points are generated
to be subsequently fitted to a z-expansion of the BGL form, cf. Sec. 8.3, with pole factors set
to unity. This in turn enables one to determine |Vcb | from a joint fit of this z-expansion and
experimental data. The value of the zero-recoil form factor resulting from the z-expansion is
G B→D (1) = 1.054(4)stat (8)sys .

(245)

The HPQCD computations [115, 117] use ensembles at two values of the lattice spacing,
a = 0.09, 0.12 fm, and two and three values of light-quark masses, respectively. The b quark
is treated using NRQCD, while for the c quark the HISQ action is used. The form factors
studied, extracted from suitable three-point functions, are
q
q
(s)
(s)
⟨D(s) (pD(s) )|V 0 |B(s) ⟩ = 2MB(s) f∥ ,
⟨D(s) (pD(s) )|V k |B(s) ⟩ = 2MB(s) pkD(s) f⊥ , (246)
where Vµ is the relevant vector current and the B(s) rest frame is chosen. The standard vector
and scalar form factors are retrieved as
h
i
1
(s)
(s)
(s)
f∥ + (MB(s) − ED(s) )f⊥ ,
(247)
f+ = q
2MB(s)
q
2MB(s)
h
i
(s)
(s)
(s)
2
2
f0 = 2
(M
−
E
)f
+
(M
−
E
)f
.
(248)
B(s)
D(s) ∥
B(s)
D(s) ⊥
2
MB(s) − MD
(s)
The currents in the effective theory are matched at 1-loop to their continuum counterparts.
Results for the form factors are then fitted to a modified BCL z-expansion ansatz, that takes
into account simultaneously the lattice spacing, light-quark masses, and q 2 -dependence. For
the mass dependence, NLO chiral logarithms are included, in the form obtained in hard-pion
χPT (see footnote 33). As in the case of the FNAL/MILC computation, once f+ and f0 have
been determined as functions of q 2 , |Vcb | can be determined from a joint fit of this z-expansion
and experimental data. The papers quote for the zero-recoil vector form factor the result
G B→D (1) = 1.035(40)

G Bs →Ds (1) = 1.068(40) .

(249)

The HPQCD and FNAL/MILC results for B → D differ by less than half a standard deviation (assuming they are uncorrelated, which they are not as some of the ensembles are
common) primarily because of lower precision of the former result. The HPQCD central
value is smaller by 1.8 of the FNAL/MILC standard deviations than the FNAL/MILC value.
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The dominant source of errors in the |Vcb | determination by HPQCD are discretization effects
and the systematic uncertainty associated with the perturbative matching.
In order to combine the form factor determinations of HPQCD and FNAL/MILC into
a lattice average, we proceed in a similar way as with B → πℓν and Bs → Kℓν above.
FNAL/MILC quotes synthetic values for each form factor at three values of w (or, alternatively, q 2 ) with a full correlation matrix, which we take directly as input. In the
case of HPQCD, we use their preferred modified z-expansion parameterization to produce
synthetic values of the form factors at five different values of q 2 (three for f+ and two
for f0 ). This leaves us with a total of six (five) data points in the kinematical range
w ∈ [1.00, 1.11] for the form factor f+ (f0 ). As in the case of B → πℓν, we conservatively
assume a 100% correlation of statistical uncertainties between HPQCD and FNAL/MILC.
We then fit this data set to a BCL ansatz, using t+ = (MB 0 + MD± )2 ≃ 51.12 GeV2 and
√
√
t0 = (MB 0 + MD± )( MB 0 − MD± )2 ≃ 6.19 GeV2 . In our fits, pole factors have been set
to unity, i.e., we do not take into account the effect of sub-threshold poles, which is then
implicitly absorbed into the series coefficients. The reason for this is our imperfect knowledge
of the relevant resonance spectrum in this channel, which does not allow us to decide the precise number of poles needed.13 This, in turn, implies that unitarity bounds do not rigorously
apply, which has to be taken into account when interpreting the results (cf. Appendix B.1).
With a procedure similar to what we adopted for the B → π and Bs → K cases, we
impose the kinematic constraint at q 2 = 0 by expressing the a0N 0 −1 coefficient in the zexpansion of f0 in terms of all the other coefficients. As mentioned above, FNAL/MILC
provides synthetic data for f+ and f0 including correlations; HPQCD presents the result
of simultaneous z-fits to the two form factors including all correlations, thus enabling us
to generate a complete set of synthetic data for f+ and f0 . Since both calculations are
based on MILC ensembles, we then reconstruct the off-diagonal HPQCD-FNAL/MILC entries
of the covariance matrix by conservatively assuming that statistical uncertainties are 100%
correlated. The Fermilab/MILC (HPQCD) statistical error is 58% (31%) of the total error
for every f+ value, and 64% (49%) for every f0 one. Using this information we can easily
build the off-diagonal block of the overall covariance matrix (e.g., the covariance between
[f+ (q12 )]FNAL and [f0 (q22 )]HPQCD is (δ[f+ (q12 )]FNAL × 0.58) (δ[f0 (q22 )]HPQCD × 0.49), where δf
is the total error).
For our central value, we choose an N + = N 0 = 3 BCL fit, shown in Tab. 52. The
+ +
2
coefficient a+
3 can be obtained from the values for a0 –a2 using Eq. (531). We find χ /dof =
4.6/6 = 0.77. The fit, which is dominated by the FNAL/MILC calculation, is illustrated in
Fig. 34.
Reference [111] is the only existing Nf = 2 work on B → Dℓν transitions, that furthermore
provided the first available results for Bs → Ds ℓν. This computation uses the publicly
available ETM configurations obtained with the twisted-mass QCD action at maximal twist.
Four values of the lattice spacing, ranging between 0.054 fm and 0.098 fm, are considered, with
physical box lengths ranging between 1.7 fm and 2.7 fm. At two values of the lattice spacing
two different physical volumes are available. Charged-pion masses range between ≈ 270 MeV
and ≈ 490 MeV, with two or three masses available per lattice spacing and volume, save for
the a ≈ 0.054 fm point at which only one light mass is available for each of the two volumes.
13
As noted above, this is the same approach adopted by FNAL/MILC in their fits to a BGL ansatz. HPQCD,
meanwhile, uses one single pole in the pole factors that enter their modified z-expansion, using their spectral
studies to fix the value of the relevant resonance masses.
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B → D (Nf = 2 + 1)
ain Central Values
a+
0.896 (10)
0
+
a1
-7.94 (20)
+
a2
51.4 (3.2)
0
a0
0.7821 (81)
0
a1
-3.28 (20)

1
0.423
-0.231
0.958
0.596

2111.09849

Correlation Matrix
0.423 -0.231 0.958
1
0.325 0.498
0.325
1
-0.146
0.498 -0.146
1
0.919 0.317 0.593

0.596
0.919
0.317
0.593
1

Table 52: Coefficients and correlation matrix for the N + = N 0 = 3 z-expansion of the B → D
form factors f+ and f0 . The chi-square per degree of freedom is χ2 /dof = 4.6/6 = 0.77. The
lattice calculations that enter this fit are taken from FNAL/MILC [114] and HPQCD [115].
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Figure 34: The form factors f+ (q 2 ) and f0 (q 2 ) for B → Dℓν plotted versus z (left panel)
and q 2 (right panel). See text for a discussion of the data sets. The grey and salmon bands
display our preferred N + = N 0 = 3 BCL fit (five parameters).

The strange- and heavy-valence quarks are also treated with maximally twisted-mass QCD.
The quantities of interest are again the form factors h± defined above. In order to control
discretization effects from the heavy quarks, a strategy similar to the one employed by the
ETM collaboration in their studies of B-meson decay constants (cf. Sec. 8.1) is employed: the
value of G(w) is computed at a fixed value of mc and several values of a heavier quark mass
(k)
mh = λk mc , where λ is a fixed scaling parameter, and step-scaling functions are built as
Σk (w) =

G(w, λk+1 mc , mc , a2 )
.
G(w, λk mc , mc , a2 )

(250)

Each ratio is extrapolated to the continuum limit, σk (w) = lima→0 Σk (w). One then exploits
the fact that the mh → ∞ limit of the step-scaling is fixed. In particular, it is easy to find
from the heavy-quark expansion that limmh →∞ σ(1) = 1. In this way, the physical result at
the b-quark mass can be reached by interpolating σ(w) between the charm region (where the
computation can be carried out with controlled systematics) and the known static limit value.
In practice, the values of mc and ms are fixed at each value of the lattice spacing such
that the experimental kaon and Ds masses are reached at the physical point, as determined
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in Ref. [126]. For the scaling parameter, λ = 1.176 is chosen, and eight scaling steps are
performed, reaching mh /mc = 1.1769 ≃ 4.30, approximately corresponding to the ratio of the
physical b- and c-masses in the MS scheme at 2 GeV. All observables are obtained from ratios
that do not require (re)normalization. The ansatz for the continuum and chiral extrapolation
of Σk contains a constant and linear terms in msea and a2 . Twisted boundary conditions
in space are used for valence-quark fields for better momentum resolution. Applying this
strategy, the form factors are finally obtained at four reference values of w between 1.004 and
1.062, and, after a slight extrapolation to w = 1, the result is
G Bs →Ds (1) = 1.052(46) .

(251)

The authors also provide values for the form factor relevant for the meson states with lightvalence quarks, obtained from a similar analysis to the one described above for the Bs → Ds
case. Values are quoted from fits with and without a linear msea /ms term in the chiral
extrapolation. The result in the former case, which safely covers systematic uncertainties, is
G B→D (1) = 1.033(95) .

(252)

Given the identical strategy, and the small sensitivity of the ratios used in their method to
the light valence- and sea-quark masses, we assign this result the same ratings in Tab. 54
as those for their calculation of G Bs →Ds (1). Currently, the precision of this calculation is
not competitive with that of Nf = 2 + 1 works, but this is due largely to the small number
of configurations analyzed by Atoui et al. The viability of their method has been clearly
demonstrated, however, which leaves significant room for improvement on the errors of both
the B → D and Bs → Ds form factors with this approach by including either additional
two-flavour data or analysing more recent ensembles with Nf > 2.
Atoui et al. also study the scalar and tensor form factors, as well as the momentumtransfer dependence of f+,0 . The value of the ratio f0 (q 2 )/f+ (q 2 ) is provided at a reference
value of q 2 as a proxy for the slope of G(w) around the zero-recoil limit.
Let us finally discuss the most recent results for Bs → Ds form factors, obtained by the
HPQCD collaboration using MILC’s Nf = 2 + 1 + 1 ensembles in Ref. [121]. Three values of
the lattice spacing are used, including a very fine ensemble at a ≃ 0.044 fm; the pion mass is
kept fixed at around 300 MeV, and in addition at the coarser a ≃ 0.09 fm lattice an ensemble
with the physical pion mass is included. The scalar current needs no renormalization because
of the PCVC relation, while the vector current is nonperturbatively normalized by imposing
a condition based on the PCVC relation at zero recoil. Heavy quarks are treated in a fully
relativistic fashion through the use of the HISQ regularization, employing bare values of the
quark mass up to amh = 0.8 for the extrapolation to the physical b point.
Results for the form factors are fitted to a modified z-expansion ansatz, based on a BCL
ansatz with a Blaschke factor containing one sub-threshold pole, tuned to reproduce the
lattice-spacing and heavy-quark-mass-dependent mass of the corresponding resonance. The
final error budget is equally dominated by statistics and the combined effect of the continuum
and heavy quark mass extrapolations, which correspond to 1.1% and 1.2% uncertainties,
respectively, for the scalar form factor at zero recoil. The total uncertainty of the latter is
thus below 2%, which remains true in the whole q 2 range. The uncertainty of f+ is somewhat
larger, starting at around 2% at q 2 = 0 and increasing up to around 3.5% at zero recoil.
One important matter of concern with this computation is the use of the a ≃ 0.044 fm
ensemble with periodic boundary conditions, which suffers from severe topology freezing.
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Bs → Ds (Nf = 2 + 1 + 1)
ain Central Values
a00
0.666(12)
1
0
a1
-0.26(25)
0.62004
0
a2
-0.1(1.8)
0.03149
+
a0
-0.075(12)
1
+
a1
-3.24(45)
0.03973
+
a2
0.7(2.0)
0.00122

0.62004
1
0.36842
0.62004
0.12945
0.00002

Correlation Matrix
0.03149
1
0.36842 0.62004
1
0.03149
0.03149
1
0.22854 0.03973
-0.00168 0.00122
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0.03973
0.12945
0.22854
0.03973
1
0.11086

0.00122
0.00002
-0.00168
0.00122
0.11086
1

Table 53: Coefficients and correlation matrix for the z-expansion of the Bs → Ds form factors
f+ and f0 .
Other than possible implications for statistical uncertainties, the lack of topology fluctuations
are expected to significantly enhance finite-volume effects, which are no longer exponential
in mπ L, but become power-like in the spatial volume. The authors neglect the impact of
finite-volume effects in the computation, with a twofold argument: for the two coarser lattice
spacings, the impact of pion-mass-related corrections on the heavy-meson states involved is
presumably negligible; and, for the finest ensemble, the estimate of finite-volume effects on
the Ds decay constant obtained in Ref. [127] turns out to be very small, a result which is
presumed to extend to form factors. It is however unclear whether the latter argument would
really hold, since the computation in Ref. [127] does show that the expected effect is heavily
observable-dependent, reaching, e.g., more than 1% for fD . We have, therefore, concluded
that our standard criteria for finite-volume effects cannot be applied at the finest lattice
spacing, and opted to assign ◦ rating to them.
We thus proceed to quote the final result of HPQCD 19 as the FLAG estimate for the
Nf = 2 + 1 + 1 Bs → Ds form factors. The preferred fit is a constrained BCL form with the
imposition of the kinematical constraint f+ (0) = f0 (0), carried through z 2 for f0 and z 3 for f+ .
Both form factors contain just one sub-threshold pole, to which the masses MBc∗ = 6.329 GeV
and MBc0 = 6.704 GeV, respectively, have been assigned. The fit parameters and covariance
matrix, quoted in Table VIII of Ref. [121], are reproduced in Table 53.
8.4.2

Lepton-flavour-universality ratios R(D) and R(Ds )

The availability of results for the scalar form factor f0 for B → Dℓν amplitudes allows us to
study interesting observables that involve the decay in the τ channel. One such quantity is
the ratio
B(B → Dτ ν)
R(D) =
with ℓ = e, µ ,
(253)
B(B → Dℓν)
which, in the Standard Model, depends only on the form factors and hadron and lepton
masses. Indeed, the recent availability of experimental results for R(D) has made this quantity
particularly relevant in the search for possible physics beyond the Standard Model. The most
recent HFLAV average reads [128]:
R(D)exp = 0.340(27)(13) .
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HPQCD provides a Standard-Model prediction for R(D) using the form factors from their
2015 lattice computation [115],
R(D)lat = 0.300(8) Ref. [115] .

(255)

The FNAL/MILC collaboration computed R(D) using form factors from a combined fit of
their lattice data and B → Dℓν experimental data:
R(D)lat+exp = 0.299(11) Ref. [114] .

(256)

Note that other authors have obtained even smaller uncertainties from fits including B → Dℓν
experimental data, cf. the value R(D)lat+exp = 0.299(3) quoted in Ref. [129]. One important
reason for this is that, while Refs. [114, 115] only use the 2009 BaBar data in Ref. [130],
Ref. [129] also incorporates the more precise Belle 2015 data in Ref. [131].
If instead we take the lattice-only form factors from FNAL/MILC, we obtain
R(D)lat = 0.285(15) Ref. [114] .

(257)

(We average over electrons and muons in the denominator, which only affects the last digit.)
Finally, using the FLAG average of the B → D form factors discussed above, we find
R(D)FLAG
= 0.2934(38). The ratio R(D) requires the integral of the branching ratios for
lat
ℓ = e, µ, τ over the whole phase space. Since lattice simulations are sensitive mostly to
relatively large q 2 values, lattice-only calculations of R(D) rely on the extrapolation of the
form factors to low q 2 and are especially sensitive to the choice of parameterization. In order to
estimate this source of systematics, we repeated the fit using the parameterization adopted by
HPQCD in Ref. [115]. The main difference with respect to our default paremeterization is the
inclusion of Blaschke factors for the form factors f+ and f0 located at M+ = MBc∗ = 6.330(9)
GeV and M0 = 6.420(9) GeV; additionally, the parameter t0 is set to (mB − mD )2 . Using five
0
0
2
2
coefficients (a+
1,2,3 and a1,2 with a3 fixed by the f+ (q = 0) = f0 (q = 0) condition) we find
by 1.4 σ. To take this potential
R(D)HPQCD
= 0.3009(38) which deviates from R(D)FLAG
lat
lat
source of systematic uncertainty into account we rescale accordingly the uncertainty of our
default fit and obtain:
R(D)lat = 0.2934(53) , our average.
(258)
This result is about 1.5σ lower than the current experimental average [132] for this quantity.
It has to be stressed that achieving this level of precision critically depends on the reliability
with which the low-q 2 region is controlled by the parameterizations of the form factors.
After including the B → Dℓν (ℓ = e, µ) data in the fit, as discussed at the end of Sec. 8.9,
we obtain the following combined lattice plus experiment result:
R(D)lat+exp = 0.2951(31) ,

our average.

(259)

HPQCD also computes values for R(Ds ), the analog of R(D) with both heavy-light mesons
containing a strange quark. The earlier calculation using NRQCD b quarks gives
R(Ds )lat = 0.301(6) ,

Nf = 2 + 1 [117].

(260)

The newer calculation with HISQ b quarks yields the somewhat more precise value
R(Ds )lat = 0.2987(46) ,

Nf = 2 + 1 + 1 [121].

(261)

A similar ratio R(D∗ ) can be considered for B → D∗ transitions. As a matter of fact,
the experimental value of R(D∗ ) is significantly more accurate than the one of R(D). A
preliminary lattice-QCD-only prediction of R(D∗ ) was shown by A. Vaquero [133].
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Fragmentation fraction ratio fs /fd

Another area of immediate interest in searches for physics beyond the Standard Model is the
measurement of Bs → µ+ µ− decays, recently studied at the LHC. One of the inputs required
by the LHCb analysis is the ratio of Bq meson (q = d, s) fragmentation fractions fs /fd ,
where fq is the probability that a q quark hadronizes into a Bq . This ratio can be measured
by writing it as a product of ratios that involve experimentally measurable quantities, cf.
(s)
(d)
2 ) of scalar form factors for
Refs. [134, 135]. One of the factors is the ratio f0 (Mπ2 )/f0 (MK
the corresponding semileptonic meson decay, which is where lattice input becomes useful.
A dedicated Nf = 2 + 1 study by FNAL/MILC14 [136] addresses the ratios of scalar form
(q)
factors f0 (q 2 ), and quotes:
(s)

(d)

2
f0 (Mπ2 )/f0 (MK
) = 1.046(44)(15),

(s)

(d)

f0 (Mπ2 )/f0 (Mπ2 ) = 1.054(47)(17),

(262)

where the first error is statistical and the second systematic. The more recent results from
HPQCD [117] are:
(s)

(d)

(s)

2
f0 (Mπ2 )/f0 (MK
) = 1.000(62),

(d)

f0 (Mπ2 )/f0 (Mπ2 ) = 1.006(62).

(263)

Results from both groups lead to fragmentation fraction ratios fs /fd that are consistent with
LHCb’s measurements via other methods [135].
8.4.4

∗ decays
B(s) → D(s)

The most precise computation of the zero-recoil form factors needed for the determination
of |Vcb | from exclusive B semileptonic decays comes from the B → D∗ ℓν form factor at zero
∗
recoil F B→D (1), calculated by the FNAL/MILC collaboration. The original computation,
published in Ref. [112], has been updated [113] by employing a much more extensive set of
gauge ensembles and increasing the statistics of the ensembles originally considered, while
preserving the analysis strategy. There are currently no final unquenched results for the
relevant form factors at nonzero recoil, but work is in progress by FNAL/MILC [124] and
JLQCD [125].
Reference [113] uses the MILC Nf = 2 + 1 ensembles. The bottom and charm quarks
are simulated using the clover action with the Fermilab interpretation and light quarks are
treated via the asqtad staggered fermion action. Recalling the definition of the form factors
∗
in Eq. (239), at zero recoil F B→D (1) reduces to a single form factor hA1 (1) coming from the
axial-vector current
√
∗
⟨D∗ (v, ϵ′ )|Aµ |B(v)⟩ = i 2mB 2mD∗ ϵ′µ hA1 (1),
(264)
where ϵ′ is the polarization of the D∗ . The form factor is accessed through a ratio of threepoint correlators, viz.,
R A1 =

⟨D∗ |c̄γj γ5 b|B⟩ ⟨B|b̄γj γ5 c|D∗ ⟩
= |hA1 (1)|2 .
∗
∗
⟨D |c̄γ4 c|D ⟩ ⟨B|b̄γ4 b|B⟩

(265)

Simulation data is obtained on MILC ensembles with five lattice spacings, ranging from
a ≈ 0.15 fm to a ≈ 0.045 fm, and as many as five values of the light-quark masses per
14

This work also provided a value for R(D), now superseded by Ref. [114].
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ensemble (though just one at the finest lattice spacing). Results are then extrapolated to the
physical, continuum/chiral, limit employing staggered χPT.
The D∗ meson is not a stable particle in QCD and decays predominantly into a D plus a
pion. Nevertheless, heavy-light meson χPT can be applied to extrapolate lattice simulation
results for the B → D∗ ℓν form factor to the physical light-quark mass. The D∗ width is quite
narrow, 0.096 MeV for the D∗± (2010) and less than 2.1 MeV for the D∗0 (2007), making this
system much more stable and long lived than the ρ or the K ∗ systems. The fact that the
D∗ − D mass difference is close to the pion mass leads to the well-known “cusp” in RA1 just
above the physical pion mass [137–139]. This cusp makes the chiral extrapolation sensitive to
values used in the χPT formulas for the D∗ Dπ coupling gD∗ Dπ . The error budget in Ref. [113]
includes a separate error of 0.3% coming from the uncertainty in gD∗ Dπ in addition to general
chiral extrapolation errors in order to take this sensitivity into account.
The final value presented in Ref. [113] is
∗

Nf = 2 + 1 : F B→D (1) = 0.906(4)(12) ,

(266)

where the first error is statistical, and the second the sum of systematic errors added in
quadrature, making up a total error of 1.4% (down from the original 2.6% of Ref. [112]).
The largest systematic uncertainty comes from discretization errors followed by effects of
higher-order corrections in the chiral perturbation theory ansatz.
∗ ℓν form
In 2017, the HPQCD collaboration has published the first study of B(s) → D(s)
factors at zero recoil for Nf = 2 + 1 + 1 using eight MILC ensembles with lattice spacing
a ≈ 0.15 fm, 0.12 fm, and 0.09 fm [119]. There are three ensembles with varying light-quark
masses for the two coarser lattice spacings and two choices of light-quark mass for the finest
lattice spacing. In each case, there is one ensemble for which the light-quark mass is very
close to the physical value. The b quark is treated using NRQCD and the light quarks are
treated using the HISQ action. The resulting zero-recoil form factors are:
∗

Nf = 2 + 1 + 1 : F B→D (1) = 0.895(10)(24) ,

∗

F Bs →Ds (1) = 0.883(12)(28) .

(267)

In 2019, the HPQCD collaboration published a new Nf = 2+1+1 calculation of the Bs → Ds∗
form factor at zero recoil, now using the HISQ action also for the b quark [120]. The lattice
methodology and ensembles used are the same as in their 2019 calculation of the Bs → Ds
form factors [121], which was discussed in detail in Sec. 8.4.1. The resulting form factor is:
∗

Nf = 2 + 1 + 1 : F Bs →Ds (1) = 0.9020(96)(90) .

(268)

The calculations in Refs. [119, 120] use different b-quark actions and share only two ensambles
at a = 0.09 fm and can be considered essentially independent, yielding the average:
∗

Nf = 2 + 1 + 1 : F Bs →Ds (1) = 0.899(12) ,

our average.

(269)

In recent years, the FNAL/MILC, HPQCD, and JLQCD collaborations have periodically
∗ ℓν
reported about their efforts to determine the full momentum dependence of B(s) → D(s)
form factors at Lattice conferences. JLQCD efforts are based on Nf = 2 + 1 Möbius domainwall ensembles and a relativistic heavy quark action. The latest status update published
in conference proceedings can be found in Ref. [125]. At the time of finalizing this review,
FNAL/MILC and HPQCD have produced preprints with their final results for B → D∗ and
Bs → Ds∗ form factors, respectively. The FNAL/MILC computation, Ref. [140] is based on
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Nf = 2 + 1 asqtad sea-quark ensembles with lattice spacing between approximately 0.15 and
0.045 fm, and uses a relativistic heavy-quark action with the Fermilab interpretation. The
HPQCD computation, Ref. [141], is based on Nf = 2 + 1 + 1 HISQ ensembles, and uses the
same regularization for heavy quarks. Upon publication of both works, we intend to include
full details for them in an upcoming intermediate update of this section.

HPQCD 15, HPQCD 17[115, 117]
FNAL/MILC 15C
[114]
Atoui 13
[111]

2+1
2+1
2

A
A
A

◦ ◦ ◦
⋆ ◦ ⋆
⋆ ◦ ⋆

HPQCD 19
[121]
HPQCD 15, HPQCD 17[115, 117]
Atoui 13
[111]

2+1+1
2+1
2

A
A
A

◦ ◦∗ ✓ ✓
◦ ◦ ◦ ◦ ✓
⋆ ◦ ⋆
—
✓

G Bs →Ds (1)
G Bs →Ds (1)
G Bs →Ds (1)

HPQCD 17B

2+1+1

A

◦

⋆

Collaboration

Ref.

w = 1 form factor / ratio

◦
◦
—

⋆

FNAL/MILC 14

[113]

2+1

A

⋆

◦

⋆

◦
◦

HPQCD 17B

[119]

2+1+1

A

◦

⋆

⋆

◦

◦ ◦

HPQCD 19B

[119]

[120]

⋆

2+1+1

A

⋆

HPQCD 15, HPQCD 17[115, 117]

2+1

A

◦ ◦ ◦

HPQCD 20B

2+1+1

A

⋆

2+1
2+1

A
A

⋆

[142]

HPQCD 15, HPQCD 17[115, 117]
FNAL/MILC 15C
[114]
∗

The rationale for assigning a

✓
✓
✓

∗

G B→D (1)
G B→D (1)
G B→D (1)

∗

✓
✓

F B→D (1)

F Bs →Ds (1)

✓

✓
✓

◦

✓

G Bs →Ds (1)

F

B→D ∗

∗

F

∗
Bs →Ds

◦ ◦∗ ✓ ✓

◦ ◦ ◦
◦ ⋆

◦
◦

(1)

✓
✓

n/a
R(D)
R(D)

(1)

1.035(40)
1.054(4)(8)
1.033(95)
1.071(37)
1.068(40)
1.052(46)

0.895(10)(24)
0.906(4)(12)

0.883(12)(28)
0.9020(96)(90)
1.068(40)
n/a
0.300(8)
0.299(11)

◦ rating is discussed in the text.

Table 54: Lattice results for mesonic processes involving b → c transitions.

8.5

Semileptonic form factors for Bc → (ηc , J/ψ)ℓν decays

In a recent publication, HPQCD 20B [142] provided the first full determination of Bc → J/ψ
form factors, extending earlier preliminary work that also covered Bc → ηc , Refs. [143, 144].
While the latter employed both NRQCD and HISQ actions for the valence b quark, and the
HISQ action for the c quark, in HPQCD 20B the HISQ action is used throughout for all
38

Y. Aoki et al.

FLAG Review 2021

2111.09849

flavors. The setup is the same as for the Bs → Ds computation discussed above, HPQCD
19; we refer to the entries for the latter paper in summary tables for details. The flavor
singlet nature of the final state means that there are contributions to the relevant three-point
functions from disconnected Wick contractions, which are not discussed in the paper.
There are however some relevant differences with Bs → Ds decays. In the J/ψ case, since
the hadron in the final state has vector quantum numbers, the description of the hadronic
amplitude requires four independent form factors V , A0 , A1 , A2 . Specifically,
⟨J/ψ(p′ , λ)|c̄γ µ b|Bc− (p)⟩ =

2iV (q 2 )
εµνρσ ϵ∗ν (p′ , λ)p′ρ pσ ,
MBc + MJ/ψ
ϵ∗ (p′ , λ) · q µ
q
q2
h
ϵ∗ (p′ , λ) · q µ i
+ (MBc + MJ/ψ )A1 (q 2 ) ϵ∗µ (p′ , λ) −
q
q2
2
i
h
∗ ′
MB2 c − MJ/ψ
µ
2 ϵ (p , λ) · q
µ
′µ
,
q
− A2 (q )
p +p −
MBc + MJ/ψ
q2

⟨J/ψ(p′ , λ)|c̄γ µ γ 5 b|Bc− (p)⟩ =2MJ/ψ A0 (q 2 )

(270)

where ϵµ is the polarization vector of the J/ψ state. The computed form factors are fitted
to a z-parameterization-inspired ansatz, where coefficients are modified to model the latticespacing and the heavy- and light-mass dependences, for a total of 280 fit parameters. In
the continuum and at physical kinematics only 16 parameters survive, as each form factor is
parameterized by an expression of the form
3

F (q 2 ) =

1 X
an z n ,
P (q 2 )

(271)

n=0

where the pole factor is given by
P (q 2 ) =

Y

z(q 2 , Mk2 )

(272)

k

with {Mk } a different set of pole energies below the BD∗ threshold for each set of J P quantum
numbers, taken from a mixture of experimental results, lattice determinations, and model
estimates. The values used (in GeV) are
0− : 6.275, 6.872, 7.25;
1− : 6.335, 6.926, 7.02, 7.28;

(273)

+

1 : 6.745, 6.75, 7.15, 7.15.
The outcome of the fit, that we quote as a FLAG estimate, is
V
A0
A1
A2

a0
0.1057(55)
0.1006(37)
0.0553(19)
0.0511(91)

a1
-0.746(92)
-0.731(72)
-0.266(40)
-0.22(19)

a2
0.10(98)
0.30(90)
0.31(70)
-0.36(82)

a3
0.006(1.000)
-0.02(1.00)
0.11(99)
-0.05(1.00)

The correlation matrix for the coefficients is provided in Tables XIX-XXVII of Ref. [142]
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(∗)

Semileptonic form factors for Λb → (p, Λc )ℓν̄ decays

The b → cℓν̄ and b → uℓν̄ transitions can also be probed in decays of Λb baryons. With the
LHCb experiment, the final state of Λb → pµν̄ is easier to identify than that of B → πµν̄
[145], and the first determination of |Vub |/|Vcb | at the Large Hadron Collider was performed
using a ratio of Λb → pµν̄ and Λb → Λc µν̄ decay rates [146] (cf. Sec. 8.10).
The amplitudes of the decays Λb → pℓν̄ and Λb → Λc ℓν̄ receive contributions from both
the vector and the axial-vector components of the current in the matrix elements ⟨p|ūγ µ (1 −
γ5 )b|Λb ⟩ and ⟨Λc |c̄γ µ (1 − γ5 )b|Λb ⟩. The matrix elements split into three form factors f+ , f0 ,
f⊥ mediated by the vector component of the current, and another three form factors g+ , g0 ,
g⊥ mediated by the axial-vector component—see, e.g., Ref. [147] for a complete description.
Given the sensitivity to all Dirac structures, measurements of the baryonic decay rates also
provides useful complementary constraints on right-handed couplings beyond the Standard
Model [146].
To date, only one unquenched lattice-QCD computation of the Λb → p and Λb → Λc
form factors with physical heavy-quark masses has been published: Detmold 15 [148]. This
computation uses RBC/UKQCD Nf = 2 + 1 DWF ensembles, and treats the b and c quarks
within the Columbia RHQ approach. The renormalization of the currents is carried out using a mostly nonperturbative method, with residual matching factors computed at one loop.
Two values of the lattice spacing (a ≈ 0.11, 0.085 fm) are considered, with the absolute
scale set from the Υ(2S)–Υ(1S) splitting. Sea pion masses lie in a narrow interval ranging from slightly above 400 MeV to slightly below 300 MeV, keeping mπ L ≳ 4; however,
lighter pion masses are considered in the valence DWF action for the u, d quarks. The lowest
valence-valence pion mass is 227(3) MeV, which leads to a ■ rating of finite-volume effects.
Results for the form factors are obtained from suitable three-point functions, and fitted to a
modified z-expansion ansatz that combines the q 2 -dependence with the chiral and continuum
extrapolations. The main results of the paper are the predictions (errors are statistical and
systematic, respectively)
ζpµν̄ (15GeV2 ) ≡
ζΛc µν̄ (7GeV2 ) ≡

1
|Vub

Z
|2

1
|Vcb |2

2
qmax

dΓ(Λb → pµ− ν̄µ ) 2
dq
dq 2

= 12.31(76)(77) ps−1 ,

(274)

dΓ(Λb → Λc µ− ν̄µ ) 2
dq
dq 2

= 8.37(16)(34) ps−1 ,

(275)

GeV2

15
Z qmax
2
7

GeV2

ζpµν̄ (15GeV2 )
= 1.471(95)(109) ,
ζΛc µν̄ (7GeV2 )

(276)

which are the input for the LHCb analysis. Predictions for the total rates in all possible lepton
channels, as well as for ratios similar to R(D) (cf. Sec. 8.4) between the τ and light-lepton
channels are also available, in particular,
R(Λc ) =

Γ(Λb → Λc τ − ν̄τ )
= 0.3328(74)(70).
Γ(Λb → Λc µ− ν̄µ )

(277)

Datta 2017 [149] additionally includes results for the Λb → Λc tensor form factors h+ , h⊥ ,
e
h+ , e
h⊥ , based on the same lattice computation as Detmold 15 [148]. The main focus of Datta
2017 is the phenomenology of the Λb → Λc τ ν τ decay and how it can be used to constrain
contributions from beyond the Standard Model physics. Unlike in the case of the vector and
axial-vector currents, the residual matching factors of the tensor currents are set to their
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tree-level value. While the matching systematic uncertainty is augmented to take this fact
into account, the procedure implies that the tensor current retains an uncanceled logarithmic
divergence at O(αs ).
Recently, first lattice calculations have also been completed for Λb semileptonic decays to
negative-parity baryons in the final state. Such calculations are substantially more challenging
and have not yet reached the same level of precision. Meinel 21 [150] considers the decays
Λb → Λ∗c (2595)ℓν̄ and Λb → Λ∗c (2625)ℓν̄, where the Λ∗c (2595) and Λ∗c (2625) are the lightest
−
−
charm baryons with isospin 0 and J P = 21 and J P = 32 , respectively. These decay modes
may eventually provide new opportunities to test lepton-flavor universality at the LHC, but
are also very interesting from a theoretical point of view. The lattice results for the form
factors may help tighten dispersive constraints in global analyses of b → c semileptonic decays
[151], and may provide new insights into the internal structure of the negative-parity heavy
baryons and their description in heavy-quark-effective-theory. The Λ∗c (2595) and Λ∗c (2625)
are very narrow resonances decaying through the strong interaction into Λc ππ. The strong
decays are neglected in Meinel 21 [150]. The calculation was performed using the same lattice
actions as previously for Λb → Λc , albeit with newly tuned RHQ parameters. Only three
ensembles are used, with a ≈ 0.11, 0.08 fm and pion masses in the range from approximately
300 to 430 MeV, with valence-quark masses equal to the sea-quark masses. Chiral-continuum
extrapolations linear in m2π and a2 are performed, with systematic uncertainties estimated
using higher-order fits. Finite-volume effects and effects associated with the strong decays of
the Λ∗c ’s are not quantified. The calculation is done in the Λ∗c rest frame, where the cubic
symmetry is sufficient to avoid mixing with unwanted lower-mass states. As a consequence,
the calculation is limited to a small kinematic region near the zero-recoil point w = 1. On
each ensemble, lattice data were produced for two values of w − 1 of approximately 0.01 and
0.03. The final results for the form factors are parameterized as linear functions of w − 1 and
can be found in Meinel 21 [150] and associated supplemental files.

8.7

Semileptonic form factors for Λb → Λ(∗) ℓℓ

The decays Λb → Λℓ+ ℓ− are mediated by the same underlying b → sℓ+ ℓ− FCNC transition as,
for example, B → Kℓ+ ℓ− and B → K ∗ ℓ+ ℓ− , and can therefore provide additional information
on the hints for physics beyond the Standard Model seen in the meson decays. The Λ baryon
in the final state decays through the weak interaction into pπ − (or nπ 0 ), leading to a wealth
of angular observables even for unpolarized Λb . When including the effects of a nonzero
Λb polarization, Λb → Λ(→ pπ − )ℓ+ ℓ− decays are characterized by five angles leading to 34
angular observables [152], which have been measured by LHCb in the bin q 2 ∈ [15, 20] GeV2
[153]. Given that the Λ is stable under the strong interactions, the Λb → Λ form factors
parametrizing the matrix elements of local s̄Γb currents can be calculated on the lattice with
high precision using standard methods. Of course, the process Λb → Λℓ+ ℓ− also receives
contributions from nonlocal matrix elements of four-quark and quark-gluon operators in the
weak effective Hamiltonian combined with the electromagnetic current. As with the mesonic
b → sℓ+ ℓ− decays, these contributions cannot easily be calculated on the lattice and one relies
on other theoretical tools for them, including the local OPE at high q 2 and a light-cone OPE
/ QCD factorization at low q 2 .
Following an early calculation with static b quarks [154], Detmold 16 [155] provides results
for all ten relativistic Λb → Λ form factors parametrizing the matrix elements of the local
vector, axial-vector and tensor b → s currents. The lattice setup is identical to that used in the
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Process
Λb
Λb
Λb
Λb
Λb
Λb

→ Λ∗c (2625) ℓ− ν̄ℓ
→ Λ∗c (2595) ℓ− ν̄ℓ
→ Λ∗ (1520) ℓ+ ℓ−
→ Λ ℓ+ ℓ−
→ p ℓ− ν̄ℓ
→ Λc ℓ− ν̄ℓ

Collaboration

Ref.

Meinel 21
[150]
Meinel 21
[150]
Meinel 20
[160]
Detmold 16
[155]
Detmold 15
[148]
Detmold 15, Datta 17 [148, 149]

Nf
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2015 calculation of the Λb → p form factors in Detmold 15 [148], and similar considerations
as in the previous section thus apply. The lattice data cover the upper 60% of the q 2 range,
and the form factors are extrapolated to the full q 2 range using BCL z-expansion fits. This
extrapolation is done simultaneously with the chiral and continuum extrapolations. The
caveat regarding the renormalization of the tensor currents also applies here.
Reference [156] uses the lattice results for the Λb → Λ form factors together with the
experimental results for Λb → Λ(→ pπ − )µ+ µ− from LHCb [153, 157] to perform fits of the
b → sµ+ µ− Wilson coefficients and of the Λb polarization parameter. Given the uncertainties
(which are still dominated by experiment), the results for the Wilson coefficients are presently
consistent both with the Standard-Model values and with the deviations seen in global fits
that include all mesonic decays [158, 159].
As with the b → c semileptonic form factors, a first lattice calculation, Meinel 2020 [160],
was also recently completed for a b → s transition to a negative-parity baryon in the final
−
state, in this case the Λ∗ (1520) with J P = 32 (no calculation has yet been published for
−
the strange J P = 12 final states, which would be the broader and even more challenging
Λ∗ (1405)/Λ∗ (1380) [40]). The Λ∗ (1520) decays primarily to pK − /nK̄ 0 , Σπ, and Λππ with a
total width of 15.6 ± 1.0 MeV [40] . The analysis of the lattice data again neglects the strong
decays and does not quantify finite-volume effects, and is again limited to a small kinematic
2 .
region near qmax

2+1
2+1
2+1
2+1
2+1
2+1

A
A
A
A
A
A

◦
◦
◦
◦
◦
◦

◦
◦
◦
◦
◦
◦

■
■
■
■
■
■

◦
◦
◦
◦
◦
◦

✓
✓
✓
✓
✓
✓

Table 55: Summary of computations of bottom baryon semileptonic form factors (see also
Refs. [154, 161] for calculations with static b quarks). The rationale for the ■ rating of finitevolume effects in Meinel 20 and 21 (despite meeting the ◦ criterion based on the minimum
pion mass) is that the unstable nature of the final-state baryons was neglected in the analysis.

8.8

Determination of |Vub |

We now use the lattice-determined Standard Model transition amplitudes for leptonic (Sec. 8.1)
and semileptonic (Sec. 8.3) B-meson decays to obtain exclusive determinations of the CKM
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matrix element |Vub |. In this section, we describe the aspect of our work that involves experimental input for the relevant charged-current exclusive decay processes. The relevant formulae
are Eqs. (202) and (236). Among leptonic channels the only input comes from B → τ ντ , since
the rates for decays to e and µ have not yet been measured. In the semileptonic case, we only
consider B → πℓν transitions (experimentally measured for ℓ = e, µ).
We first investigate the determination of |Vub | through the B → τ ντ transition. This
is the only experimentally measured leptonic decay channel of the charged B meson. The
experimental measurements of the branching fraction of this channel, B(B − → τ − ν̄), have
not been updated since the publication of the FLAG Review in 2016 [53]. The status of the
experimental results for this branching fraction, summarized in Tab. 56, is unchanged from
FLAG Review 16 [53]. Our corresponding values of |Vub | are unchanged from FLAG Review
19 [1].
Collaboration

Tagging method

B(B − → τ − ν̄) × 104

Belle [162]
Belle [3]

Hadronic
Semileptonic

0.72+0.27
−0.25 ± 0.11
1.25 ± 0.28 ± 0.27

BaBar [2]
BaBar [163]

Hadronic
Semileptonic

1.83+0.53
−0.49 ± 0.24
1.7 ± 0.8 ± 0.2

Table 56: Experimental measurements for B(B − → τ − ν̄). The first error on each result is
statistical, while the second error is systematic.
It is obvious that all the measurements listed in Tab. 56 have significance smaller than
5σ, and the large uncertainties are dominated by statistical errors. These measurements lead
to the averages of experimental measurements for B(B − → τ ν̄) [2, 3],
B(B − → τ ν̄) × 104 = 0.91 ± 0.22 from Belle,

(278)

= 1.79 ± 0.48 from BaBar,

(279)

= 1.06 ± 0.33 average,

(280)

where, following our standard procedure we perform a weighted average and rescale the
uncertainty by the square root of the reduced chi-squared. Note that the Particle Data
Group [51] did not inflate the uncertainty in the calculation of the averaged branching ratio.
Combining the results in Eqs. (278–280) with the experimental measurements of the mass
of the τ -lepton and the B-meson lifetime and mass we get
|Vub |fB = 0.72 ± 0.09 MeV from Belle,

(281)

= 1.01 ± 0.14 MeV from BaBar,

(282)

= 0.77 ± 0.12 MeV average,

(283)
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which can be used to extract |Vub |, viz.,
Nf = 2
Nf = 2 + 1
Nf = 2 + 1 + 1
Nf = 2

Belle B → τ ντ :
Belle B → τ ντ :
Belle B → τ ντ :
Babar B → τ ντ :

|Vub | = 3.83(14)(48) × 10−3 ,

(284)

−3

,

(285)

−3

;

(286)

|Vub | = 3.75(8)(47) × 10
|Vub | = 3.79(3)(47) × 10

|Vub | = 5.37(20)(74) × 10−3 ,
−3

Nf = 2 + 1

Babar B → τ ντ :

|Vub | = 5.26(12)(73) × 10

Nf = 2 + 1 + 1

Babar B → τ ντ :

|Vub | = 5.32(4)(74) × 10−3 ,

(289)

Nf = 2

average B → τ ντ :

|Vub | = 4.10(15)(64) × 10−3 ,

(290)

Nf = 2 + 1

average B → τ ντ :

|Vub | = 4.01(9)(63) × 10−3 ,

(291)

Nf = 2 + 1 + 1

average B → τ ντ :

−3

|Vub | = 4.05(3)(64) × 10

,

,

(287)
(288)

(292)

where the first error comes from the uncertainty in fB and the second comes from experiment.
Let us now turn our attention to semileptonic decays. The experimental value of |Vub |f+ (q 2 )
can be extracted from the measured branching fractions for B 0 → π ± ℓν and/or B ± → π 0 ℓν
applying Eq. (236);15 |Vub | can then be determined by performing fits to the constrained BCL
z-parameterization of the form factor f+ (q 2 ) given in Eq. (532). This can be done in two
ways: one option is to perform separate fits to lattice and experimental results, and extract
the value of |Vub | from the ratio of the respective a0 coefficients; a second option is to perform a simultaneous fit to lattice and experimental data, leaving their relative normalization
|Vub | as a free parameter. We adopt the second strategy, because it combines the lattice and
experimental input in a more efficient way, leading to a smaller uncertainty on |Vub |.
The available state-of-the-art experimental input consists of five data sets: three untagged
measurements by BaBar (6-bin [164] and 12-bin [165]) and Belle [166], all of which assume
isospin symmetry and provide combined B 0 → π − and B + → π 0 data; and the two tagged
Belle measurements of B̄ 0 → π + (13-bin) and B − → π 0 (7-bin) [167]. Including all of
them, along with the available information about cross-correlations, will allow us to obtain
a meaningful final error estimate.16 The lattice input data set will be the same discussed in
Sec. 8.3.
We perform a constrained BCL fit of the vector and scalar form factors (this is necessary
in order to take into account the f+ (q 2 = 0) = f0 (q 2 = 0) constraint) together with the
combined experimental data sets. We find that the error on |Vub | stabilizes for N + = N 0 = 3.
The result of the combined fit is presented in Tab. 57. The fit has a chi-square per degree of
freedom χ2 /dof = 78.7/56 = 1.41. Following the PDG recommendation we rescale
the whole
p
2
2
covariance matrix by χ /dof: the errors on the z-parameters are increased by χ /dof = 1.19
and the correlation matrix is unaffected.
In Fig. 35, we show both the lattice and experimental data for (1 − q 2 /m2B ∗ )f+ (q 2 ) as a
function of z(q 2 ), together with our preferred fit; experimental data has been rescaled by the
resulting value for |Vub |2 . It is worth noting the good consistency between the form factor
shapes from lattice and experimental data. This can be quantified, e.g., by computing the
15
16

Since ℓ = e, µ the contribution from the scalar form factor in Eq. (236) is negligible.
See, e.g., Sec. V.D of Ref. [58] for a detailed discussion.
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B → πℓν (Nf = 2 + 1)
Central Values
3
Vub × 10
3.74 (17)
+
a0
0.415 (14)
+
a1
−0.488 (53)
+
a2
−0.31 (18)
0
a0
0.500 (23)
0
a1
−1.424 (54)

FLAG Review 2021

1
−0.851
−0.349
0.375
−0.211
−0.246

−0.851
1
0.155
−0.454
0.260
0.144

Correlation Matrix
−0.349
0.375
0.155
−0.454
1
−0.802
−0.802
1
−0.0962 0.0131
0.220
−0.100

2111.09849

−0.211
0.260
−0.0962
0.0131
1
−0.453

−0.246
0.144
0.220
−0.100
−0.453
1

Table 57: |Vub |, coefficients for the N + = N 0 = N T = 3 z-expansion of the B → π
form factors f+ and f0 , and their correlation matrix. The chi-square per degree of free2
dom
p is χ /dof = 78.7/56 = 1.41 and the errors on the fit parameters have been rescaled by
χ2 /dof = 1.19. The lattice calculations that enter this fit are taken from FNAL/MILC [58]
and RBC/UKQCD [59]. The experimental inputs are taken from BaBar [164, 165] and
Belle [166, 167].
ratio of the two leading coefficients in the constrained BCL parameterization: the fit to lattice
+
form factors yields a+
1 /a0 = −1.67(35) (cf. the results presented in Sec. 8.3.1), while the above
+
lattice+experiment fit yields a+
1 /a0 = −1.19(13).
We plot the values of |Vub | we have obtained in Fig. 37, where the GGOU [168] determination through inclusive decays, |Vub |incl = (4.32 ± 0.12exp ± 0.13theo ± 0.23∆BF ) × 10−3 [40, 132]
(the ∆BF error has been added in Ref. [40] to account for the spread in results obtained using
different theoretical models), is also shown for comparison.17 In this plot the tension between
the BaBar and the Belle measurements of B(B − → τ − ν̄) is manifest. As discussed above, it
is for this reason that we do not extract |Vub | through the average of results for this branching
fraction from these two collaborations. In fact this means that a reliable determination of
|Vub | using information from leptonic B-meson decays is still absent; the situation will only
clearly improve with the more precise experimental data expected from Belle II [169, 170].
The value for |Vub | obtained from semileptonic B decays for Nf = 2 + 1, on the other hand,
is significantly more precise than both the leptonic and the inclusive determinations, and
exhibits a ∼ 1.7σ tension with the latter.

8.9

Determination of |Vcb |

We will now use the lattice-QCD results for the B → D(∗) ℓν form factors in order to obtain determinations of the CKM matrix element |Vcb | in the Standard Model. The relevant
formulae are given in Eq. (241).
Let us summarize the lattice input that satisfies FLAG requirements for the control of systematic uncertainties, discussed in Sec. 8.4. In the (experimentally more precise) B → D∗ ℓν
∗
channel, there is only one Nf = 2 + 1 lattice computation of the relevant form factor F B→D
at zero recoil. Concerning the B → Dℓν channel, for Nf = 2 there is one determination of the
17

Note that a recent Belle measurement of partial B → Xu ℓ+ νℓ branching fractions which superseeds their
previous result and which yields the somewhat lower value |Vub | = 4.10(9)(22)(15)×10−3 , has not been included
in the HFLAV average yet.
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Figure 35: Lattice and experimental data for f+B→π (q 2 ) and f0B→π (q 2 ) versus z (left panel)
and q 2 (right panel). Experimental data has been rescaled by the value for |Vub | found from
the joint fit. Green symbols denote lattice-QCD points included in the fit, while blue and
indigo points show experimental data divided by the value of |Vub | obtained from the fit. The
grey and orange bands display the preferred N + = N 0 = 3 BCL fit (five z-parameters and
|Vub |).

relevant form factor G B→D at zero recoil, while for Nf = 2 + 1 there are two determinations
of the B → D form factor as a function of the recoil parameter in roughly the lowest third
of the kinematically allowed region. In this latter case, it is possible to replicate the analysis
carried out for |Vub | in Sec. 8.8, and perform a joint fit to lattice and experimental data; in
the former, the value of |Vcb | has to be extracted by matching to the experimental value for
∗
F B→D (1)ηEW |Vcb | and G B→D (1)ηEW |Vcb |.
The latest experimental average by HFLAV [128] for the B → D∗ form factor at zero
recoil makes use of the CLN [171] parameterization of the B → D∗ form factor and is
∗

[F B→D (1)ηEW |Vcb |]CLN,HFLAV = 35.61(43) × 10−3 .

(293)

Recently the Belle collaboration presented an updated measurement of the B → D∗ ℓν branching ratio [172] in which, as suggested in Refs. [173–175], the impact of the form factor parameterization has been studied by comparing the CLN [171] and BGL [74, 176] ansätze. The
fit results using the two parameterizations are now consistent. In light of the fact that the
BGL parameterization has a much stronger theoretical standing than the CLN one and that
it imposes less stringent constraints on the shape of the form factors, we do not consider the
CLN determination any further and focus on the BGL fit:
∗

[F B→D (1)ηEW |Vcb |]BGL, Belle = 35.44(23)(60) × 10−3 ,

(294)

where the first error is statistical and the second is systematic.18 Given the fact that the two
determinations in Eqs. (293) and (294) are quite compatible and that the BGL parameterization is on firmer theoretical ground, in the following we present the determination of |Vcb |
obtained from Eq. (294). We refer to the discussion presented at the end of Sec. 8.8 of the
previous edition of this review [1] for further comments on the CLN and BGL parameterizations.
18
Note that the BGL fit employed by Belle uses very few z parameters and that this could lead to an
∗
underestimation of the error on [F B→D (1)ηEW |Vcb |. See Ref. [177] for a through review of this point.
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By using ηEW = 1.00662 19 and the Nf = 2 + 1 lattice value for F B→D (1) in Eq. (266) 20 ,
we thus extract the average
[B → D∗ ℓν]BGL,Belle :

Nf = 2 + 1

|Vcb | = 38.86(54)(70) × 10−3 ,

(295)

where the first uncertainty comes from the lattice computation and the second from the
experimental input.
For the zero-recoil B → D form factor, HFLAV [128] quotes
HFLAV:

G B→D (1)ηEW |Vcb | = 41.57(45)(89) × 10−3 ,

(296)

yielding the following average for Nf = 2:
Nf = 2

|Vcb | = 40.0(3.7)(1.0) × 10−3 ,

B → Dℓν :

(297)

where the first uncertainty comes from the lattice computation and the second from the
experimental input.
Finally, for Nf = 2 + 1 we perform, as discussed above, a joint fit to the available lattice
data, discussed in Sec. 8.4, and state-of-the-art experimental determinations. In this case, we
will combine the aforementioned Belle measurement [666], which provides partial integrated
decay rates in 10 bins in the recoil parameter w, with the 2010 BaBar data set in Ref. [179],
which quotes the value of G B→D (w)ηEW |Vcb | for ten values of w.21 The fit is dominated by
the more precise Belle data; given this, and the fact that only partial correlations among
systematic uncertainties are to be expected, we will treat both data sets as uncorrelated.22
A constrained (N + = N 0 = 3) BCL fit using the same ansatz as for lattice-only data
in Sec. 8.4, yields our average, which we present in Tab. 58. The chi-square per degree of
freedom is χ2 /dof = 20.0/25 = 0.80. The fit is illustrated in Fig. 36. In passing, we note
that, if correlations between the FNAL/MILC and HPQCD calculations are neglected, the
|Vcb | central value rises to 40.3×10−3 in nice agreement with the results presented in Ref. [129].
Before discussing the combination of the above |Vcb | results, we note that the LHCb
Collaboration recently reported the first determination of |Vcb | at the Large Hadron Collider
using Bs → Ds− µ+ νµ and Bs → Ds∗− µ+ νµ decays [122, 123]. The differential decay rates,
in combination with the Nf = 2 + 1 + 1 HPQCD 19 [121] and HPQCD 19B [120] lattice
∗
results for f+Bs →Ds and F Bs →Ds (1), were analyzed using either the CLN or BGL form-factor
parameterizations. The result for |Vcb | from the BGL fit is [123]
|Vcb | × 103 = (41.7 ± 0.8 ± 0.9 ± 1.1)

Bs → Ds(∗)− µ+ νµ , BGL, LHCb .

(298)

The LHCb analysis used ratios to the reference decay modes B 0 → D− µ+ νµ and B 0 →
D∗− µ+ νµ , whose branching fractions are used as input in the form of the Particle Data
19

Note that this determination does not include the electromagnetic Coulomb correction roughly estimated
in Ref. [113]. Currently the numerical impact of this correction is negligible.
20
In light of our policy not to average Nf = 2 + 1 and Nf = 2 + 1 + 1 calculations and of the controversy
over the use of the CLN vs. BGL parameterizations, we prefer to simply use only the more precise Nf = 2 + 1
∗
determination of F B→D (1) in Eq. (266) for the extraction of Vcb .
21
We thank Marcello Rotondo for providing the ten bins result of the BaBar analysis.
22
We have checked that results using just one experimental data set are compatible within 1σ. In the case
of BaBar, we have taken into account the introduction of some EW corrections in the data.
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B → Dℓν (Nf = 2 + 1)
Central Values
3
|Vcb | × 10
40.0 (1.0)
+
a0
0.8946 (94)
+
a1
-8.03 (16)
+
a2
50.1 (3.1)
0
a0
0.7804 (75)
0
a1
-3.38 (16)

1.00
-0.525
-0.339
0.0487
-0.521
-0.433

Correlation Matrix
-0.525 -0.339 0.0487 -0.521
1.00
0.303 -0.351 0.953
0.303
1.00
0.203
0.375
-0.351 0.203
1.00
-0.276
0.953 0.375 -0.276
1.0
0.529 0.876
0.196
0.502
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-0.433
0.529
0.876
0.196
0.502
1.0

Table 58: |Vcb |, coefficients for the N + = N 0 z-expansion of the B → D form factors f+ and
f0 , and their correlation matrix. The coefficient a02 is fixed by the f+ (q 2 = 0) = f0 (q 2 = 0)
constrain. The chi-square per degree of freedom is χ2 /dof = 20.0/25 = 0.80. The lattice
calculations that enter this fit are taken from FNAL/MILC [114] and HPQCD [115]. The
experimental inputs are taken from BaBar [179] and Belle [666].
Group averages of measurements by other experiments [180]. The result (298) is therefore
correlated with the determinations of |Vcb | from B → D and B → D∗ semileptonic decays.
Given the challenges involved in performing our own fit to the LHCb data, we do not, at
present, include the LHCb results for Bs → Ds− µ+ νµ and Bs → Ds∗− µ+ νµ in our combination
of |Vcb |.
We now proceed to combine the determinations of |Vcb | from exclusive B → D and B → D∗
semileptonic decays. To this end, we need to estimate the correlation between the lattice
uncertainties in the two modes. We assume conservatively that the statistical component of
the lattice error in both determinations are 100% correlated because they are based on the
same MILC configurations (albeit on different subsets). We obtain:
|Vcb | × 103 = 39.36(68)

BGL, Belle .

(299)

Our results are summarized in Tab. 59, which also shows the HFLAV inclusive determination of |Vcb | = 42.00(64) × 10−3 [181] for comparison, and illustrated in Fig. 37. Finally,
using the fit results in Tab. 59, we extract a value for R(D) which includes both lattice and
experimental information:
R(D)lat+exp = 0.2951(31) ,

our average.

(300)

Note that we do not need to rescale the uncertainty on R(D)lat+exp because, after the inclusion
of experimental B → Dℓν (ℓ = e, µ) results, the shift in central value caused by using a
different parameterization is negligible (see the discussion above Eq. (258)).

8.10

Determination of |Vub /Vcb | from Λb decays

In 2015, the LHCb Collaboration reported a measurement of the ratio [146]
Z qmax
2
dB(Λb → pµ− ν̄µ ) 2
dq
dq 2
15 GeV2
RBF (Λb ) = Z 2
,
qmax
dB(Λb → Λc µ− ν̄µ ) 2
dq
dq 2
7 GeV2
48
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our average for Nf = 2 + 1 (BGL)
our average for Nf = 2 + 1
our average for Nf = 2 + 1 (BGL)

from

|Vcb | × 103

B → D∗ ℓν
B → Dℓν
B → (D, D∗ )ℓν

38.86(54)(70)
40.0(1.0)
39.36(68)

B → Dℓν

40.0(3.7)(1.0)

our average for Nf = 2
LHCb result for Nf = 2 + 1 + 1 (BGL)

2111.09849

Bs →

Gambino et al.

(∗)
Ds ℓν

41.7(0.8)(0.9)(1.1)

B → Xc ℓν

42.00(64)

Table 59: Results for |Vcb |. When two errors are quoted in our averages, the first one comes
from the lattice form factor, and the second from the experimental measurement. The LHCb
(∗)
result using Bs → Ds ℓν decays [120–123], as well as the inclusive average obtained in the
kinetic scheme from Ref. [181] are shown for comparison.
FLAG 2021
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Figure 36: Lattice and experimental data for f+B→D (q 2 ) and f0B→D (q 2 ) versus z (left panel)
and q 2 (right panel). Green symbols denote lattice-QCD points included in the fit, while blue
and indigo points show experimental data divided by the value of |Vcb | obtained from the fit.
The grey and orange bands display the preferred N + = N 0 = 3 BCL fit (five z-parameters
and |Vcb |).

which, combined with the lattice QCD prediction [148] discussed in Sec. 8.6 yields a determination of |Vub /Vcb |. The LHCb analysis uses the decay Λc → pKπ to reconstruct the Λc and
requires the branching fraction B(Λc → pKπ) of this decay as an external input. Using the
latest world average of B(Λc → pKπ) = (6.28±0.32)% [40] to update the LHCb measurement
gives [132]
RBF (Λb ) = (0.92 ± 0.04 ± 0.07) × 10−2 ,
(302)
and, combined with the lattice QCD prediction for

ζpµν̄ (15GeV2 )
ζΛc µν̄ (7GeV2 )

discussed in Sec. 8.6,

|Vub /Vcb | = 0.079 ± 0.004 lat. ± 0.004 exp. .

49
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Determination of |Vub /Vcb | from Bs decays

More recently, LHCb reported the measurements [182]
Z

7 GeV2

2 =m2
qmin
µ

RBF (Bs , low) =

dB(Bs → K − µ+ νµ ) 2
dq
dq 2

B(Bs → Ds− µ+ νµ )

= (1.66 ± 0.12) × 10−3 ,
Z

2
qmax
=(mBs −mK )2

7 GeV2

RBF (Bs , high) =

(304)

dB(Bs → K − µ+ νµ ) 2
dq
dq 2
B(Bs → Ds− µ+ νµ )

= (3.25 ± 0.28) × 10−3 ,

(305)

B(Bs → K − µ+ νµ )
B(Bs → Ds− µ+ νµ )

RBF (Bs , all) =

= (4.89 ± 0.33) × 10−3 .

(306)

Using our average of the Bs → K form factors from lattice QCD as discussed in Sec. 8.3.2,
we obtain the Standard-Model predictions
1

Z

7 GeV2

|Vub |2

1
|Vub |2

Z

2 =m2
qmin
µ
2
qmax =(mBs −mK )2

7 GeV2

dΓ(Bs → K − µ+ νµ )
dq 2

= (2.26 ± 0.38) ps−1 ,

(307)

dΓ(Bs → K − µ+ νµ )
dq 2

= (4.02 ± 0.31) ps−1 ,

(308)

Γ(Bs → K − µ+ νµ ) = (6.28 ± 0.67) ps−1 .

(309)

1
|Vub |2

For the denominator, we use the Bs → Ds form factors from Ref. [121], which yields
1
|Vcb |2

Γ(Bs → Ds− µ+ νµ ) = (9.15 ± 0.37) ps−1 .

(310)

Combined with the LHCb measurements we obtain
|Vub |
(low) = 0.0819 ± 0.0072 lat. ± 0.0029 exp. ,
|Vcb |
|Vub |
(high) = 0.0860 ± 0.0037 lat. ± 0.0038 exp. ,
|Vcb |
|Vub |
(all) = 0.0844 ± 0.0048 lat. ± 0.0028 exp. .
|Vcb |

(311)
(312)
(313)

We note the excellent compatibility of the results in the high and low q 2 regions. Nevertheless,
we will use the result from the high-q 2 region in our combination in Sec. 8.12, as this is the
region in which the form factor shape is most reliably constrained by the lattice data.
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Figure 37: Left: Summary of |Vub | determined using: i) the B-meson leptonic decay branching
fraction, B(B − → τ − ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by Belle
and BaBar, and our averages for lattice determinations of the relevant vector form factor
f+ (q 2 ). Right: Same for determinations of |Vcb | using semileptonic decays. The inclusive
results are taken from Refs. [128, 181].

8.12

Summary: |Vub | and |Vcb |

In Fig. 38, we present a summary of determinations of |Vub | and |Vcb | from B → (π, D(∗) )ℓν,
Bs → (K, Ds )ℓν (high q 2 only), B → τ ν and Λb → (p, Λc )ℓν, as well as the results from
inclusive B → Xu,c ℓν decays. Note that constraints on |Vub /Vcb | from baryon modes are
displayed but, in view of the rating in Tab. 55, are not included in the global fit. As discussed
(∗)
in Sec. 8.9, experimental inputs used in the extraction of |Vcb | from Bs → Ds ℓν decays [122,
123] given in Eq. (298) are highly correlated with those entering the global (|Vub |, |Vcb |) fit
described in this section. Given these correlations and the challenges in reproducing the
LHCb analysis, for the time being we do not include the result Eq. (298) into the global fit.
Currently, the determinations of Vcb from B → D∗ and B → D decays are quite compatible; however, a sizeable tension involving the extraction of Vcb from inclusive decays remains.
In the determination of the 1σ and 2σ contours for our average, we have included an estimate of the correlation between |Vub | and |Vcb | from semileptonic B decays: the lattice
inputs to these quantities are dominated by results from the Fermilab/MILC and HPQCD
collaborations that are both based on MILC Nf = 2 + 1 ensembles, leading to our conservatively introducing a 100% correlation between the lattice statistical uncertainties of the three
computations involved. The results of the fit are
|Vcb | = 39.48(68) × 10−3 ,
−3

|Vub | = 3.63(14) × 10
p−value = 0.39 .

,

(314)
(315)
(316)

For reference, the inclusive determinations read |Vcb |incl = (42.00 ± 0.64) × 10−3 [181] and
|Vub |incl = (4.32 ± 0.12exp ± 0.13theo ± 0.23∆BF ) × 10−3 [40, 132] (the ∆BF error has been
added in Ref. [40] to account for the spread in results obtained using different theoretical
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models). Note that a recent Belle analysis [183] of partial B → Xu ℓ+ νℓ branching fractions
finds a slighly lower central value |Vub |incl,Belle = (4.10 ± 0.09stat ± 0.22syst ± 0.15theo ) × 10−3 .

B D*
B D

|Vub| × 103

4.5
4 B
B

B s KD s
Bs

3.5
3

inclusive

b
b

36

p

Bs Ds(*)

c

38

40
42
|Vcb| × 103

44

Figure 38: Summary of |Vub | and |Vcb | determinations. The black solid and dashed lines
correspond to 68% and 95% C.L. contours, respectively. The result of the global fit (which
(∗)
does not include |Vub /Vcb | from baryon modes or |Vcb | from Bs → Ds ℓν) is (|Vcb |, |Vub |) =
−3
(39.48 ± 0.68, 3.63 ± 0.14) × 10 with a p-value of 0.39. The lattice and experimental results
that contribute to the various contours are the following. B → πℓν: lattice (FNAL/MILC [58]
and RBC/UKQCD [59]) and experiment (BaBar [164, 165] and Belle [166, 167]). B → Dℓν:
lattice (FNAL/MILC [114] and HPQCD [115]) and experiment (BaBar [179] and Belle [666]).
B → D∗ ℓν: lattice (FNAL/MILC [113]) and experiment (Belle [172]). B → τ ν: lattice (fB
determinations in Fig 27) and experiment (BaBar [3] and Belle [2]). Bs → Kℓν/Bs → Ds ℓν:
lattice (HPQCD [75], RBC/UKQCD [58], FNAL/MILC [78], HPQCD [121]) and experiment (LHCb [182]). Λb → pℓν/Λb → Λc ℓν: lattice (Detmold 15 [148]) and experiment
(LHCb [146]). Bs → Ds∗ ℓν/Bs → Ds ℓν: lattice (HPQCD 19 [121] and HPQCD 19B
[120]) and experiment (LHCb [122, 123]). The inclusive determinations are taken from
Refs. [40, 132, 181] and read (|Vcb |, |Vub |)incl = (42.00 ± 0.64, 4.32 ± 0.29) × 10−3 .
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