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5 Low-energy constants

Authors: S. Diirr, H. Fukaya, U. M. Heller

5.1 Chiral perturbation theory and lattice QCD

In the study of the quark-mass dependence of QCD observables calculated on the lattice, it is
beneficial to use chiral perturbation theory (yPT). This framework predicts the nonanalytic
quark-mass dependence of hadron masses and matrix elements, and it provides symmetry
relations among such observables. These predictions invoke a set of linearly independent and
universal (i.e., process-independent) low-energy constants (LECs), defined as coefficients of
the polynomial terms (in m, or M2) of different observables.

xPT is an effective field theory approach to the low-energy properties of QCD based on
the spontaneous breaking of chiral symmetry, SU(Ny)r x SU(Ny)r — SU(Ny)v, and its soft
explicit breaking by quark-mass terms. In its original implementation (i.e., in infinite volume)
it is an expansion in powers of m, and p? with the counting rule M2 ~ Mg ~ 2.

If one expands around the SU(2) chiral limit, two LECs appear at order p? in the chiral
effective Lagrangian,

by
F=F; and B=—, where X=—(uu) ) , (87)
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and seven more at order p*, called ¢; with s = 1,...,7. In the analysis of the SU(3) chiral
limit there are again' two LECs at order p?,

by
and BO = 0

2 )
My, Mg,Mms—0 Fo

Fy=F; where g = —(uu) ‘ , (88)
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but ten more at order p*, indicated by the symbols L; () withi = 1,...,10. These “constants”
are independent of the quark masses?, but they become scale dependent after renormalization
(sometimes a superscript r is used). The SU(2) constants £; are p-independent, since they
are defined at scale u = ME™® (as indicated by the bar). The SU(3) constants L;(u) are
usually quoted at the renormalization scale u = 770 MeV. For the precise definition of these
constants and their scale dependence we refer the reader to Refs. [1, 2].

In the previous four versions of the FLAG review, we summarized the yPT formulae for
the quark-mass dependence of the pion and kaon mass and decay constant, as well as the
scalar and vector pion charge radius. We briefly discussed the different regimes of xPT,
touched on partially quenched and mixed action formulations, collected and colour-coded the
available lattice results for the LECs considered, and formed FLAG estimates or averages,
where possible.

'Here and in the following, we stick to the notation used in the papers where the yPT formulae were
established, i.e., we work with F, = f7r/\/§ = 92.2(1)MeV and Fx = fK/\/i The occurrence of different
normalization conventions is not convenient, but avoiding it by reformulating the formulae in terms of fr, fx
is not a good way out. Since we are using different symbols, confusion cannot arise.

2More precisely, they are independent of the 2 or 3 light-quark masses that are explicitly considered in the
respective framework. However, all low-energy constants depend on the masses of the remaining quarks s, c,
b, t or ¢, b, t in the SU(2) and SU(3) framework, respectively, although the dependence on the masses of the
¢, b, t quarks is expected to be small [1, 2].


http://arxiv.org/abs/2111.09849

Y. Aoki et al. FLAG Review 2021 2111.09849

Since the fourth edition in 2019 [3] (referred to as FLAG 19 below) only a handful of papers
appeared with results on the set of LECs covered in our report, but none that qualifies to be
included in an average. We therefore decided to shorten the section on LECs considerably,
referring the reader to the 2019 FLAG review for the xPT formulae, description of the results
covered there, and the details and explanation of the FLAG estimates and averages. In this
edition, we will concentrate on the description of the new results and, for the convenience of
our readers, list the FLAG estimates and averages, asking the reader to consult FLAG 19 [3]
for the details.

In the 2019 edition, we introduced a section on 77 scattering in the context of SU(2)
xPT and collected results, from finite-volume lattice calculations, of the isospin I = 0 and
I = 2 scattering lengths. In this edition, we will keep this section and describe the new results
that appeared since the 2019 FLAG review. We will, further, add a section on 7K and KK
scattering in the context of SU(3) xPT and collect the available results for the scattering
lengths from finite-volume lattice calculations.

5.1.1 77 scattering

The scattering of pseudoscalar octet mesons off each other (mostly 77w and 7K scattering)
is a useful approach to determine xPT low-energy constants [4-8]. This statement holds
true both in experiment and on the lattice. We would like to point out the main difference
between these two approaches is not so much the discretization of space-time, but rather the
Minkowskian versus Euclidean setup.

In infinite-volume Minkowski space-time, 4-point Green’s functions can be evaluated (e.g.,
in experiment) for a continuous range of (on-shell) momenta, as captured, for instance, by the
Mandelstam variable s. For a given isospin channel I = 0 or I = 2 the 77 scattering phase
shift 67(s) can be determined for a variety of s values, and by matching to yPT some low-
energy constants can be determined (see below). In infinite-volume Euclidean space-time,
such 4-point Green’s functions can only be evaluated at kinematic thresholds; this is the
content of the so-called Maiani-Testa theorem [9]. However, in the Euclidean case, the finite
volume comes to our rescue, as first pointed out by Liischer [10-13]. By comparing the energy
of the (interacting) two-pion system in a box with finite spatial extent L to twice the energy
of a pion (with identical bare parameters) in infinite volume information on the scattering
length can be obtained. In particular, in the (somewhat idealized) situation where one can
“scan” through a narrowly spaced set of box-sizes L such information can be reconstructed
in an efficient way.

We begin with a brief summary of the relevant formulae in SU(2) xPT terminology. In
the z-expansion the formulae for a with ¢ = 0 and I = 0,2 are found in Ref. [1]

7M? 5M? - _ 9_ 21

0 2

M, = 209 — — — ,

al +32wF2{ + s |1+ 20, =l + 8} +0(x )} (89)
M? M? - _ 3

M, = — 1— 0+ 205+ = | + O(2? 90

0 167 F2 127T2F2|: L+ bt 8] 0@ (90)

where x = M?/(47F)? with M? = (m,, + mg)X/F? is one possible expansion parameter of
xPT. Throughout this report we deviate from the xPT habit of absorbing a factor —M,; into
the scattering length (relative to the convention used in quantum mechanics); we include just
a minus sign but not the factor M. Hence, our a£ have the dimension of a length so that all
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quark- or pion-mass dependence is explicit (as is most convenient for the lattice community).
But the sign convention is the one of the chiral community (where aé M, > 0 means attraction
and al M, < 0 indicates repulsion).

An important difference between the two S-wave scattering lengths is evident already at
tree-level. The isospin-0 scattering length (90) is large and positive at this order, while the
isospin-2 counterpart (91) is by a factor ~ 3.5 smaller (in absolute magnitude) and negative.
Hence, in the channel with I = 0 the interaction is attractive, while in the channel with
I = 2 the interaction is repulsive and significantly weaker. In this convention, experimental
results, evaluated with the unitarity constraint germane to any local quantum field theory,
read adM; = 0.2198(46)stat (16)syst (64)theo and adMy; = —0.0445(11)stat (4)syst (8)theo [75 14—
16]. The ratio between the two (absolute) central values is about 4.9, i.e., a bit larger than 3.5.
This, in turn, suggests that NLO contributions to a) and a3 are sizeable, but the expansion
seems well behaved.

Equations (90, 91) may be recast in the -expansion, with & = M2 /(47 F,)?, as

TM? 1 40 -

0 _ s 2

AMr = o FE{1+52£3+52£4+5[ o+ 5l e3+ }+0(5)}, (91)
M?2 1 8

2 _ _ 2

My = -1 F2{1+§2€3+§2€4 g[361+352+2}+0(§)} (92)

where M?/(4nF)? = M2/(4nFy)*{1 + $&03 + 260y + O(€2)} has been used. Finally, this

expression can be summarized as

agM, = +?%{1 + 337]:2@3 In (]A\i); + (9(52)} : (93)
alM, = Héﬁg {1 — 3;\2@3 In (?\22 + (9(52)} , (94)
with the abbreviations
2l Af(ﬁh SR SN (95)
gln f‘ﬁ?hy = gél + 222 — %23 — 204 + % : (96)

where A with ¢ = 0 and I = 0,2 are scales like the A; in ¢; = In(A?/ thys) for i €
{1,2,3,4} (albeit they are not independent from the latter). Here, we made use of the fact
that M2/M thys =1+ O(&) and thus ¢In(M2/ th},b) = (9(52). In the absence of any
knowledge on the /;, one would assume \) ~ A2, and with this input Egs. (94, 95) suggest
that the NLO contribution to |ad] is by a factor ~ 10.5 larger than the NLO contribution to
la3|. The experimental numbers quoted before clearly support this view.

Given that all of this sounds like a complete success story for the determination of the
scattering lengths a8 and ag, one may wonder whether lattice QCD is helpful at all. It is, be-
cause the “experimental” evaluation of these scattering lengths builds on a constraint between
these two quantities that, in turn, is based on a (rather nontrivial) dispersive evaluation of
scattering phase shifts [7, 14-16]. Hence, to overcome this possible loophole, an independent
lattice determination of aj and/or a3 is highly welcome.
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On the lattice a% is much easier to determine than a8, since the former quantity does not
involve quark-line disconnected contributions. The main upshot (to be reviewed below) is that
the lattice determination of a2 M, at the physical mass point is in perfect agreement with the
experimental numbers quoted before, thus supporting the view that the scalar condensate
is—at least in the SU(2) case—the dominant order parameter, and the original estimate
{3 = 2.9 £ 2.4 is correct (see below). Still, from a lattice perspective it is natural to see a
determination of aJM, and/or aZM, as a means to access the specific linear combinations of
0; with i € {1,2,3,4} defined in Eqgs. (96, 97).

In passing, we note that an alternative version of Eqs. (94, 95) is used in the literature,
too. For instance, Refs. [17-21] give their results in the form

TM? M? _ M?
0 T T I=0 T 2
M, = 1 [E 591 —] O , 97
fox +32ng{ T g [t T nopz| TOE )} (97)
M?2 M?2 M?2
2 s s =2 T 2
M, = — 1— [e 1-31 —] O , 98
@0 167 F2 { 3om2Fz [ * nop] HOE )} (98)
where the quantities (used to quote the results of the lattice calculation)
_ 0. 8. 5. MZ
I1=0 ,phys
= 04—y ——ly+4 In — RS
Lt 21€1+21£2 7€3+ ly+9 H2F2 ) , (99)
m,phys
_ 8 16- - M2
0122 = 0 Dl — Oy — 4l + 3In RS (100)
3 3 2F2 |

amount to linear combinations of the £;°*(u that, due to the explicit logarithms in Egs. (100,
101), are effectively renormalized at the scale firen = fE™* = 2FFP™® = 130.41(20) MeV [22].
Note that in these equations the dependence on the physical pion mass in the logarithms
cancels the one that comes from the /;, so that the right-hand-sides bear no knowledge of
MPE™S_ This alternative form is slightly different from Eqs. (94, 95). Exact equality would be
reached upon substituting F2 — F iphys in the logarithms of Egs. (98, 99). Upon expanding
F? /Fiphys and subsequently the logarithm, one realizes that this difference amounts to a
term O(§) within the square bracket. It thus makes up for a difference at the NNLO, which
is beyond the scope of these formulae.

We close by mentioning a few works that elaborate on specific issues in 77 scattering
relevant to the lattice. Reference [23] does mixed action xPT for 2 and 241 flavours of
staggered sea quarks and Ginsparg-Wilson valence quarks, Refs. [24, 25] work out scattering
formulae in Wilson fermion xPT, and Ref. [26] lists connected and disconnected contractions
in w7 scattering.

ren)

5.1.2 7K and KK scattering

The discussion of 7m scattering in the previous subsection carries over, without material
changes, to the case of 7K and KK scattering. The one (tiny) difference is that results, if
contact with xPT is desired, must be matched against the SU(3) version of this framework.
In other words, for 77 scattering there is a choice between SU(2) and SU(3), while for 7K
and K K scattering matching to the SU(3) version of xPT is mandatory?.

3Note that this could be circumvented if one used a heavy-meson extended version of xPT, in particular
SU(2) xPT with an extra (heavy) strange quark [27-29]. However, we have the original Gasser-Leutwyler
versions of SU(2) and SU(3) xPT in mind.


http://arxiv.org/abs/2111.09849

Y. Aoki et al. FLAG Review 2021 2111.09849

For completeness we also include, below, the SU(3) xPT result for I = 2 77 scattering.
Since, as in the FLAG 19 review, we tabulate the S-wave scattering length with combined
isospin I in the dimensionless variable aéMﬂ, where the physical pion mass is meant, the
result can be converted into specific linear combinations of NLO xPT coefficients in either
the SU(2) or SU(3) xPT framework. In this conversion, an extra piece to the systematic
error is to be included, to account for higher-order terms in the chiral expansion.

Below, we continue this tradition by summarizing results in the dimensionless variable
abprx for mK scattering and al My for KK scattering. Throughout this report, pi x =
MMy /(M + Mg) is the reduced mass of the kaon-pion system at the physical mass point.
Again, these results can be converted into linear combinations of the L;, with proper adjust-
ment of the systematic uncertainty, due to the chiral expansion. In doing so, one should keep
in mind that the SU(3) framework does not converge as swiftly as the SU(2) frameork, since
Moyd K Mg.

We basically follow Ref. [30], but we adopt, for masses and decay constants, the conven-
tions of the LEC section in the FLAG 19 report. We consider the YPT formulae at O(p?) in
the chiral expansion, as given in Refs. [2, 31-35]. The scattering lengths of the nw (I = 2),
KK(I=1),7K(I =3) and 7K (I = §) systems can be written as

M? 16 M?
2 o T _ 2 o s 2
@} e M = Mfg{ 1t G | M3 L (1) = =5 La00) + xmm)}} , (101)
M?2 16 M?2
ab s Mic = W;%{ =1 g [ ML (1) = =5 Ls(0) + Xerc 1) } , (102)
2 2 2
3/2 I = B 16 [ _ Mz + My 3/2 ]
ao’ﬂ_K/J,ﬂ-K = 787TF7TFK { 1 + Fﬂ-FK MWMKLscat (,u) 4 L5 (,LL) + XWK (/’L) 103)
2 2 2
1/2 Mo g 16 { Mz + My 1/2 ]
K = 2 M MgL 2———=1 104
&/ i SwFﬂFK{ o (Mo Mic L) + 272 L)+ 5320  (104)

These formulae are written in terms of O(p*) values of the masses and decay constants (M,
My, F; and Fk) of the Nambu-Goldstone bosons (which, in turn, depend on the quark
masses). We recall that the “Bernese” normalization for the pion decay constant at the
physical point is adopted (cf. footnote 18). The constants Ls(u) and

Lucat (1) = 2L (1) + 2La() + L) — 2La() — 3 L) + 2Lo(p) + L) (105)

are the SU(3) low-energy constants (LECs) at the renormalization scale p. The objects

x(;% (1) are known functions with chiral logarithmic terms and dependence on the scale u. In
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terms of these objects the functions XéQ(u) in Egs. (102)-(105) read?

1 3M2 M2 M2 M? o AM?
2 ™ n T
- IE- S SAWEL S I
Gell) = (|~ T loe( ) — g (5 + = (106)
1 M2M2 M? M?
1 K
log(—X) — M2 1o
Xl = e i - 0sCE) - M)
—20M% + 11M2M?2 M2 TM3
KT T Jog(— 1) K}, (107)
36(M2 — M32) 112 9
3/2 1 22M3Mg +11M2M% — 5M2 M?
) = ] ™ log(~7)
K (1671') (MQ M2) NZ
9M4 — 134 MM} + 16 M2 My — 55 M2 M7 o (Mf()
36(M2 M2) 112
36MK + 48 M M3 — 10M3 My + 11M2M3 — M2 21 (MQ)
72(M2 M2) B2
A3M M SMM
; K 5 Kt (M, My)| (108)
1/2 1 [UMEMyg — 11M2M% + 5M2 M?
i) = [ ™ log(~7)
i (16m)2 A(MF — M) Il
N —OM} — 6TM My + 8M3My + 55M2M3, | (M§<)
(0]
18(M7. — M2) B
N —36Mj + 24M 3} My — 5Mg M2 — 11M3E M2 + 9M} ™1 (M2)
36(Mf, — M2) p?
A3M M AM.M 12M. M
K—|— Ktl(Mﬂ—,MK)_ — KtQ(Mﬂ'7MK):| )
9 9 9
(109)
where t1 (Mg, Mg), to(My, Mg) can be written as
My + M) (2Myg — M, 2(My — My) [ Mg + M,
ti(My, Mg) = V(M P )—(MK )arctan< ](\4KK+ Wi ) QMIL L > ;
(110)
(MK—MW)(QMK—FMW) Q(MK+M7r) My — M,
to(Myp, Mg) = \/ Mt 0L arctan My — 20l AP
(111)

4 There is a typo in the original version of Ref. [30] which made us mistakenly give the last term in the
square bracket of Eq. (108) as % in the arXiv:2111.09849_v1 version of this report. The correct expression
with the last term 7”9112( agrees with Eq. (32) in [34] which, to the best of our knowledge is the earliest reference
for this quantity. Moreover, in the SU(3) limit (16m)*x5, (1) — — Xt M7 log( )+ 4 M2, while the Gell-Mann-

MZ(MZ+e M
%1 g(2F) - (M2 +

Oakes-Renner relation and the substitution M& = M2 + ¢ yield (167)*xkx (,u) —

2 2 2 12 4de .
€) log(MH ey 4 Wrto) (= 20]\3,/[66_20‘+11M ) Jog( M":; 3y 4 Z(MZ+e). In this expression the terms O(¢ ") cancel,

2
M%;e/?’) = log(Tg) + 3;—;7% one obtains (167)xjx (1) — —2 M2 log(%) + 2M? in the limit
€ — 0. Hence x2,(1) = Xk (1) in the SU(3) limit. We are indebted to André Walker-Loud and Kiyoshi

Sasaki for pointing this out to us and for clarifying details, respectively.

and with log(
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In short, these formulae show that — in the SU(3) framework — the four scattering lengths
a(l)Mﬂ, a(%MK, ag/zuﬂK, Cl(l]/2/Jﬂ-K determine three linear combinations of Ls(u) and Lgcat(1).
Recall that Eq. (106) shows that the latter object is itself a linear combination of the L;(u).

Interestingly, 7w and K K scattering determine the same linear combination Lgcat (1) — %L5 (1),

while ag/ 2/,L7rK and a(l)/ QMWK determine two more (ms/myq-dependent) linear combinations.
In the last few lines, we established the habit of omitting the particle subscript in aéﬂr i and
a(I) kK> Since the value of I together with the factor My, purx or My already tells the particles
involved in the scattering process. The remaining zero subscript is meant to indicate the
S-wave component.

5.2 Extraction of SU(2) low-energy constants
5.2.1 New results for individual LO SU(2) LECs

We are aware of four new papers with results on individual SU(2) LECs plus an additional
one which we overlooked in FLAG 19 [3]. They all give results on the LO LECs, B and/or F,
where B is frequently traded for the condensate ¥ = BF? (both B and ¥ are renormalized
at the scale p = 2GeV). We start by briefly mentioning their details.

The paper ETM 20A [36] presents an Ny = 2 calculation with twisted mass fermions, using
three pion masses down to the physical value at a single lattice spacing a = 0.0914(15) fm.
They report a value of F as given in Tab. 22 and a value of #4 discussed in Sec. 5.2.2 below.
The publication status changed from “preprint” to “accepted” after our closing date (as did
the quoted uncertainty). In practical terms this change is insignificant, since the quoted
number (due to a red tag) would not contribute to the Ny = 2 average.

The paper xQCD 21 [37] employs Ny = 2+ 1 QCD with domain wall fermions and
RI/MOM renormalization. They have two ensembles with physical pion mass (139 MeV)
at lattice spacings ¢ = 0.114fm and ¢ = 0.084fm, one ensemble with M; = 234 MeV at
a = 0.071fm, and one with M, = 371 MeV at a = 0.063fm that is only used to test the lattice
spacing dependence of the scalar renormalization factor. They report the value of »/3 as
listed in Tab. 21.

The paper ETM 21 [38] uses Ny = 2 4 1 + 1 flavours of twisted mass fermions, ten
ensembles, three lattice spacings (a = 0.092,0.080,0.068fm), up to four pion masses M, €
[135 MeV, 346 MeV], up to two volumes, and L(My min) = 5.55 fm. The scale is set by fP™s =
V2ZFPM® = 130.4(2) MeV [22]. They analyze the quark mass dependence of both Fy and the
(chiral and finite-volume) log-free quantity X, = (FyM2*)'/® [39], to determine F and /4
in two different ways. The two fitting procedures yield nearly identical results for F'. The
two central values agree exactly, as do the two systematic uncertainties; only the combined
statistical plus fitting uncertainty differs a bit among the two approaches. Since the paper
does not give preference to one of the fitting procedures, we take the liberty to condense them,
assuming 100% correlation, into the single result F' = 87.7(6)(5) MeV as listed in Tab. 22.
They also report a value of /4 to be mentioned in Sec. 5.2.2 below.

The paper ETM 21A [40] is again based on Ny = 2 4 1 + 1 flavours of twisted mass
fermions, ten ensembles, three lattice spacings, a = 0.095,0.082,0.069fm, up to four pion
masses M, € [134MeV, 346 MeV], up to two volumes, and L(My min) = 5.52fm. The scale is
set by fE™® = \/2FPMS — 130.4(2) MeV [22], and cross-checked with the nucleon mass. From
the analysis of the pion sector they determine values of F' and ¥1/3 as listed in Tab. 22 and
Tab. 21, respectively.
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Figure 14: Cubic root of the SU(2) quark condensate ¥ = — limyy, ;n,—0{@u) in the MS-
scheme, at the renormalization scale = 2 GeV. Square symbols indicate determinations from
correlators in the p-regime, up triangles refer to extractions from the topological susceptibility,
diamonds to determinations from the pion form factor, and bullet points refer to the spectral
density method.

Finally, we should mention Ref. [41] which, regrettably, escaped our attention when prepar-
ing the last FLAG report [3]. The authors extract the quark condensate from an OPE analysis
of the Landau-gauge quark propagator. They use overlap valence quarks on three ensembles
with (2+1)-flavor domain-wall fermions with a=! = 1.75 GeV and sea pion masses of 331, 419
and 557 MeV from the RBC/UKQCD collaboration. Their eight valence pion masses range
from 220 to 600 MeV. Their result for £/3 is listed in Tab. 21. With only a single lattice
spacing, their result does not contribute to the FLAG average.

Perhaps it is worth comparing the results for f = +/2F in Refs. [38, 40]. Carrying all
errors along, one finds Af[MeV] = 124.0(0.9)(0.7) —122.82(32)(65) = 1.18(1.35), which is less
than one standard deviation. Given that the two studies were carried out on largely the same
ensemble basis, it is perhaps reasonable to assume the statistical error is ~ 100% correlated.
In this case, the difference would be Af [MeV] = 124.0(0.7) —122.82(65) = 1.18(0.96), which is
1.240 and thus perfectly acceptable. The chiral analysis in the two papers is treated somewhat
differently, which would lead to differences in the neglected NNLO terms, and thus reflects a
systematic effect.

The new results for $'/3 and Fy /F, together with the previous ones, are shown in Fig. 14
and Fig. 15, respectively.
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Collaboration Ref. Ny N 4 & & N »i/3
ETM 21A [40] 24141 P * o * * 267.6(1.8)(1.1)
ETM 17E [42] 2+1+1 A o * o * 318(21)(21)
ETM 13 [43] 2+1+1 A o * * * 280(8)(15)
xQCD 21 [37] 2+1 P * * * * 260.3(0.7)(1.7)
JLQCD 17A [44] 2+1 A o) * * * 274(13)(29)
Wang 16 [41] 2+1 A o) = = * 305(15)(21)
JLQCD 16B [89] 2+1 A o * * * 270.0(1.3)(4.8)
RBC/UKQCD 15E [46] 2+1 A * * * * 274.2(2.8)(4.0)
RBC/UKQCD 14B [47] 2+1 A * * * * 275.9(1.9)(1.0)
BMW 13 [48] 2+1 A * * * * 271(4)(1)
Borsanyi 12 [49] 2+1 A o) o * * 272.3(1.2)(1.4)
JLQCD/TWQCD 10A  [50] 2+1 A * = = * 234(4)(17)
MILC 10A [51] 2+1 C o * * o 281.5(3.4)(*2:0)(4.0)
RBC/UKQCD 10A [52] 2+1 A o o n * 256(5)(2)(2)
JLQCD 09 [53] 2+1 A * = = * 242(4)(112)
MILC 09A, SU(3)-fit [54] 2+1 C o) * * o 279(1)(2)(4)
MILC 09A, SU(2)-fit [54] 2+1 C o * * o 280(2) (*2)(4)
MILC 09 [55] 2+1 A o) * * o) 278(1) (*2)(5)
TWQCD 08 [56] 2+1 A = " = * 259(6)(9)
PACS-CS 08, SU(3)-fit  [57] 2+1 A * " = " 312(10)
PACS-CS 08, SU(2)-fit  [57] 2+1 A * " = " 309(7)
RBC/UKQCD 08 [58] 2+1 A o = o * 255(8)(8)(13)
Engel 14 [59] 2 A * * * * 263(3)(4)
Brandt 13 [60] 2 A o * o * 261(13)(1)
ETM 13 [43] 2 A o) * o) * 283(7)(17)
ETM 12 [61] 2 A o * o * 299(26)(29)
Bernardoni 11 [62] 2 C 0 ] [ * 306(11)
TWQCD 11 [63] 2 A o) = = * 230(4)(6)
TWQCD 11A [64] 2 A o = = * 259(6)(7)
JLQCD/TWQCD 10A  [50] 2 A * " m * 242(5)(20)
Bernardoni 10 [65] 2 A 0 (] [ * 262(T3%) (1)
ETM 09C [66] 2 A o) * o * 270(5)(*2)
ETM 08 [67] 2 A o) o o * 264(3)(5)
CERN 08 [68] 2 A o = o * 276(3)(4)(5)
Hasenfratz 08 [69] 2 A 0 ] 0 * 248(6)
JLQCD/TWQCD 08A  [70] 2 A o) ] m * 235.7(5.0)(2.0) (722)
JLQCD/TWQCD 07 [71] 2 A o) = = * 239.8(4.0)
JLQCD/TWQCD 07A  [72] 2 A * " = * 252(5)(10)

Table 21: Cubic root of the SU(2) quark condensate ¥ = — limy;,,, ,—0(@u) in MeV units, in
the MS-scheme, at the renormalization scale p = 2 GeV. All ETM values that were available
only in r¢ units were converted on the basis of ro = 0.48(2) fm [73-75], with this error being
added in quadrature to any existing systematic error.
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S §F 5 F
Collaboration Ref. Ny g ¥ & & F Fr/F
ETM 21A [40] 2+141 P 86.85(23)(46) 1.062(3)(6)
ETM 21 [38] 241+1 P 87.7(6)(5) 1.051(7)(6)
ETM 11 [76] 2+14+1 C 85.60(4)(13) 1.077(2)(2)
ETM 10 (77 24141 A " 85.66(6)(13) 1.076(2)(2)
RBC/UKQCD 15E [46] 2+1 A 85.8(1.1)(1.5) 1.0641(21)(49)
RBC/UKQCD 14B [47 241 A 86.63(12)(13) 1.0645(15)(0)
BMW 13 [48]  2+1 A 88.0(1.3)(0.3) 1.055(7)(2)
Borsanyi 12 [49]  2+1 A 86.78(05)(25) 1.0627(06)(27)
NPLQCD 11 (78]  2+1 A 86.8(2.1)(*5%) 1.062(26) (732
MILC 10 [79]  2+1 C 87.0(4)(5) 1.060(5)(6)
MILC 10A [51]  2+1 C 87.5(1.0)(*57) 1.054(12)(*3))
MILC 09A, SU(3)-fit  [54]  2+1 C 86. 8( )(4) 1.062(1)(3)
MILC 09A, SU(2)-fit  [54] 241 C 87.4(0.6) (*99) 1. 054(7)(“2)
MILC 09 [55] 241 A 87. 66(17)( 2) 1.052(2)(*9)
PACS-CS 08, SU(3)-fit [57]  2+1 A m = 90.3(3.6) 1.062(8)
PACS-CS 08, SU(2)-fit [57]  2+1 A = 89.4(3.3) 1.060(7)
RBC/UKQCD 08 [58]  2+1 A " 81.2(2.9)(5.7) 1.080(8)
ETM 20A [36] 2 A " 86.46(0.06)(2.40) 1.067(1)(30)
ETM 15A [75] 2 A " 86.3(2.8) 1.069(35)
Engel 14 [59] 2 A 85.8(0.7)(2.0) 1.075(09)(25)
Brandt 13 [60] 2 A 84(8)(2) 1.080(16)(6)
QCDSF 13 [80] 2 A 86(1) 1.07(1)
TWQCD 11 [63] 2 A B = 83.39(35)(38) 1.106(5)(5)
ETM 09C [66] 2 A 85.91(07)(*7%) 1.0755(6) (705)
ETM 08 67 2 A 86 6(7)(7) 1.067(9)(9)
Hasenfratz 08 [69] 2 A [ 90(4) 1.02(5)
JLQCD/TWQCD 08A [70] 2 A B om 79.02.5)0.7) (T8 1.167(37)(10) (1)
JLQCD/TWQCD 07  [71] 2 A m = 87.3(5.6) 1.06(7)
Colangelo 03 [81] 86.2(5) 1.0719(52)

Table 22:  Results for the SU(2) low-energy constant F' (in MeV) and for the ratio Fy/F.
All ETM values that were available only in 7o units were converted on the basis of rq =
0.48(2) fm [73-75], with this error being added in quadrature to any existing systematic error.
Numbers in slanted fonts have been calculated by us, based on V2R — 130.41(20) MeV
[22], with this error being added in quadrature to any existing systematic error (otherwise to
the statistical error). The systematic error in ETM 11 has been carried over from ETM 10.

10


http://arxiv.org/abs/2111.09849

Y. Aoki et al. FLAG Review 2021 2111.09849

FIAG2021 F./F

FLAG estimate for Ne=2+1+1

ETM 21A
ETM 21
ETM 11
ETM 10

2+1+1

Ne=

FLAG average for N;=2+1

RBC/UKQCD 15E
RBC/UKQCD 14B
BMW 13

Borsanyi 12
NPLQCD 11

MILC 10

— MILC 10A

MILC 09A, su@3)-fit
MILC 09A, su2)-fit
MILC 09

2+1

N¢

it o

FLAG average for N¢=2

! ETM 20A
— Engel 14
Brandt 13
H H TWQCD 11
ETM 09C
ETM 08
{1 i JLQCD/TWQCD 08A

Ne=2

o “ﬁ %D .

Colangelo 03

1.00 1.04 1.08 1.12 1.16 1.20

Figure 15: Comparison of the results for the ratio of the physical pion decay constant Fi
and the leading-order SU(2) low-energy constant F. Square symbols indicate determinations
from correlators in the p-regime, and diamonds from the pion form factor.

5.2.2 New results for individual NLO SU(2) LECs

Two of the aforementioned papers contain new results on #4, i.e., a specific LEC at NLO of
the SU(2) framework. ETM 20A [36] quotes 4 = 4.31(4)(2)(11)(5) for Ny = 2, while ETM
21 [38] finds £4 = 3.44(28)(36) for Ny =2 + 1 + 1. These results are listed in Tab. 23.

If one were to ignore Ny, the two new results would appear inconsistent. While an implicit
dependence on the strange- (and highly suppressed) charm-quark mass in the sea is a logical
possibility, it seems to us these results should be considered in conjunction with the FLAG
19 averages for the quantity 4. The FLAG 19 average for N; = 2, based on four papers, was
4.40(28), the average for Ny = 2+ 1, based on five papers, was 4.02(45), and the estimate for
Ny =24 141, based on a single paper, was 4.73(10). In terms of standard deviations the
difference “old average minus new result” is 4.40(28) —4.31(13) = 0.09(31) or 0.3¢ for Ny = 2,
while it is 4.73(10) — 3.44(46) = 1.29(47) or 2.70 for Ny = 2+ 1+ 1. Hence, the new Ny = 2
result of ETM 20A [36] is in perfect agreement with the corresponding FLAG 19 average. On
the other hand, the new Ny = 2+ 141 result of ETM 21 [38] is largely inconsistent with the
corresponding FLAG 19 estimate, which was taken from Ref. [76]. Perhaps one should take a
step back at this point, and consider the option that the implicit Ny-dependence (through a
dynamical strange and charm quark) is smaller than some unaccounted-for systematic effects
in at least one of the works considered. On the practial side neither one of the new results
qualifies for a FLAG average (ETM 20A [36] has a red tag, ETM 21 [38] is still unpublished).
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Collaboration Ref. Ny QQ/ 4 @Q C§ ls 2,
ETM 21 [38] 2+1+1 P 3.44(28)(36)
ETM 11 [76] 2+1+1 C 3.53(5)(26) 4.73(2)(10)
ETM 10 (77 24141 A u 3.70(7)(26) 4.67(3)(10)
RBC/UKQCD 15E [46]  2+1 A 2.81(19)(45) 4.02(8)(24)
RBC/UKQCD 14B [47]  2+1 A 2.73(13)(0) 4.113(59)(0)
BMW 13 [48]  2+1 A 2.5(5)(4) 3.8(4)(2)
RBC/UKQCD 12 82]  2+1 A 2.91(23)(07) 3.99(16)(09)
Borsanyi 12 [49]  2+1 A 3.16(10)(29) 4.03(03)(16)
NPLQCD 11 (78]  2+1 A 4.04(40) (*79) 4.30(51)(*52)
MILC 10 [79]  2+1 ¢ 3.18(50)(89) 4.29(21)(82)
MILC 10A [51]  2+1 ¢ 2.85(81)(*37) 3.98(32)(*38)
RBC/UKQCD 10A [52]  2+1 A m 2.57(18) 3.83(9)
MILC 09A, SU(3)-fit  [54] 241 ¢ 3.32(64)(45) 4.03(16)(17)
MILC 09A, SU(2)-fit  [54]  2+1 C 3.0(6)(*?) 3.9(2)(3)
PACS-CS 08, SU(3) t [57]  2+1 A B o= 347(11) 4.21(11)
PACS-CS 08, SU(2)-fit [57] 241 A o= 3.14(23) 4.04(19)
RBC /UKQCD 08 [58]  2+1 A n 3.13(33)(24) 4.43(14)(77)
ETM 20A [36] 2 A n 4.31(4)(2)(11)(5)
ETM 15A [75] 2 A u 3.3(4)
Gilpers 15 [83] 2 A 4.54(30)(0)
Giilpers 13 [84] 2 A n 4.76(13)
Brandt 13 [60] 2 A 3.0(7)(5) 4.7(4)(1)
QCDSF 13 [80] 2 A 4.2(1)
Bernardoni 11 [62] 2 C B o= 4.46(30)(14) 4.56(10)(4)
TWQCD 11 [63] 2 A B o= 4.149(35)(14) 4.582(17)(20)
ETM 09C [66] 2 A 3.50(9) (*50) 4.66(4)(T93)
JLQCD/TWQCD 09  [85] 2 A = = 4 09(50)(52)
ETM 08 67 2 A 3.2(8)(2) 4.4(2)(1)
JLQCD/TWQCD 08A [70] 2 A = m 3.38(40)(24)(T3)) 412(35)(30)(*31)
CERN-TOV 06 [86] 2 A = o= 3.005)(1)
Colangelo 01 [7] 4.4(2)
Gasser 84 [1] 2.9(2.4) 4.3(9)

Table 23: Results for the SU(2) NLO low-energy constants f3 and £4. For comparison, the
last two lines show results from phenomenological analyses. The systematic error in ETM 11
has been carried over from ETM 10.
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Figure 16: Effective coupling constant £4. Squares indicate determinations from correlators
in the p-regime, diamonds refer to determinations from the pion form factor.

In summary, the time is not ripe to give an update on the ¢4 average given in FLAG 19.

The two new results on ¢4 in Tab. 23 are displayed in Fig. 16, along with all previous
determinations with systematic error bars. Since there is no new entry in the first column of
the table, there is no analogous figure for /3.

There is also new information on fg. It appears in three new papers on the slope of the
vector form factor at ¢? = 0 (“charge radius”) of the pion. We follow our tradition of quoting
and comparing results in terms of (r?)T rather than /. As mentioned before, we start with
a brief discussion of the particulars of these papers.

The paper Feng 19 [90] is based on Ny = 2 + 1 flavours of domain-wall valence quarks
on domain-wall sea. This collaboration uses four ensembles essentially at the physical mass
point® and another one at M, = 341 MeV. At the physical mass point they have three lattice
spacings in the range a=' = 1.015 — 1.73 GeV, i.e., none of them satisfies a < 0.1fm. The
respective box sizes are L = [6.22,4.58,5.48]fm, hence L(My min) = 6.22fm.

The paper xQCD 20 [89] employs overlap valence quarks on Ny = 2 4 1 ensembles with
domain-wall sea quarks. They use a total of seven ensembles, with three of them being at the
physical point. They cover five lattice spacings a = 0.083 —0.195fm, of which only one is below
0.1fm. The relevant box size is 6.24fm at the physical point, where they have M,L = 4.45.

5This earns them a green box on “chiral extrapolation”, but the criterion was crafted with the idea of a
global fit which takes all available information into account. In the setup of Feng 19 [90] it is barely possible
to disentangle a small M, dependence in the vicinity of ME™S from cut-off effects.
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Collaboration Ref. Ny N & & < ()7 [fm?) lg
HPQCD 158 87  2+1+1 A 0.403(18)(6)
Gao 21 88]  2+1 P . 0.42(2) 0t
xQCD 20 [89]  2+1 A 0.430(5)(13) 17.1(1.4)
Feng 19 [90]  2+1 A n 0.434(20)(13)
JLQCD 15A, SU(2)-it  [91]  2+1 A . 0.395(26)(32)  13.49(89)(82)
JLQCD 14 92  2+1 A n B 0.49(4)(4) 7.5(1.3)(1.5)
PACS-CS 11A 03  2+1 A . 0.441(46)
RBC/UKQCD 08A 04  2+1 A = . 0.418(31) 12.2(9)
LHP 04 [95] 241 A = . = 0.310(46)
ETM 17F [96] 2 A . 0.443(21)(20)  16.21(76)(70)
Brandt 13 [60] 2 A 0.481(33)(13)  15.5(1.7)(1.3)
JLQCD/TWQCD 09 [85] 2 A . ® 0.409(23)(37)  11.9(0.7)(1.0)
ETM 08 67 2 A 0.456(30)(24)  14.9(1.2)(0.7)
QCDSF/UKQCD 06A  [97] 2 A m 0.441(19)(63)
Bijnens 98 98] 0.437(16) 16.0(0.5)(0.7)
NAT 86 [99] 0.439(8)
Gasser 84 1] 16.5(1.1)

Table 24: Vector form factor of the pion: Lattice results for the charge radius (r?)7, and the
chiral coupling constant fg are compared with the experimental value, as obtained by NA7,
and some phenomenological estimates. The publication status of xQCD 20 [89] changed from
“preprint” to “accepted” after our closing date.

Renormalization is done nonperturbatively.

The paper Gao 21 [88] is based on Ny = 2+ 1 HISQ (staggered) ensembles on which they
invert clover valence quarks. They have My o = My o = 140MeV at a = 0.076fm in a
642 x 64 volume. In addition, they have M sea = 160 MeV, My a1 = 300 MeV at a = 0.06fm
(in a 483 x 64 box), and essentially the same sea-valence mass combination at a = 0.04fm (in
a 642 x 64 box). The vector form factor is renormalized nonperturbatively. Unfortunately,
no continuum extrapolation is performed; they quote the result from the a ~ 0.076fm phys-
ical pion mass ensemble as listed in Tab. 24. The error quoted is a total error, comprising
systematic uncertainties unrelated to cut-off effects.

The available information on (r?)7, is summarized in Fig. 17. It is obvious that the lattice
computations for this quantity do not achieve the precision of the experimental result (NA 7)
yet.
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Figure 17: Summary of the pion form factor (r?)7.. The publication status of yQCD 20 [89]
changed from “preprint” to “accepted” after our closing date.

5.2.3 New results for an SU(2) linear combination linked to 77 scattering

We are aware of four new papers on 77 scattering (in the isospin I = 2 and/or I = 0 state).
As before, we begin with a brief description of their specifics.

Reference [100] by B. Hérz and A. Hanlon uses one CLS ensemble of Ny =2 + 1 nonper-
turbatively improved Wilson (clover) fermions. Since it is away from the physical mass point
and no extrapolation to the latter is attempted, we refrain from applying the FLAG criteria,
and there will be no listing in tables and/or plots. We add that this procedure is in strict
analogy to our treatment of Ref. [101] in FLAG 19. A sequel publication, based on the same
data, is Ref. [102]. They find that the 77 (I = 2) spectrum is fit well by an S-wave phase
shift that incorporates the expected Adler zero. Obviously, the same comment regarding the
applicability of the FLAG criteria applies.

The paper Culver 19 [103] uses Ny = 2 flavours of nHYP clover fermions at a = 0.12fm,
M, = 315MeV on 48 x 24% x {24, 30,48} and M, = 226 MeV on 64 x 242 x {24, 28,32}. With a
conventional analysis technique they find a%M,r = —0.0455(16), after extrapolation to physical
pion mass. From an inverse amplitude method, they obtain a%M = —0.0436 (fg:ggg’), again
at the physical pion mass. Since the paper does not give preference to one of the analysis meth-
ods, we take the liberty to condense the two numbers into the result a3 M, = —0.0445(14)(19),
as shown in Tab. 25. Here, the systematic error reflects the full difference between the two
central values given in the paper.
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The paper Mai 19 [104] employs Ny = 2 nHYP clover fermions at a single lattice spacing
(a = 0.12fm), with M, = 315MeV on 48 x 242 x {24,30,48} lattices and M, = 224 MeV
on 64 x 242 x {24,28,32} lattices. They quote, extrapolated to the physical pion mass,
adMy = 0.2132(T0000%) and M, = —0.0433 £ 0.0002 for I = 0 and I = 2, respectively.
With statistical error only, these results go into Tab. 25, but not into a plot.

The paper ETM 20B [105] is based on Ny = 2 QCD with twisted mass fermions at
a = 0.0914(15)fm, and with cgw = 1.57551. They have three pion masses (M, = 340 MeV on
323 x 64 and M, = 242MeV and M, = 134MeV on 482 x 96). They find, for I = 2, at the
pion masses considered, aZM, = —0.2061(49), —0.156(15), —0.0481(86), with the last being
at physical pion mass, but finite a. Accordingly, we take 0,3]\47r = —0.0481(86) with unknown
systematic error. With statistical error only, this result goes into Tab. 25, but not into a plot.

These four works, when combined with the information listed in FLAG 19, represent the
information from the lattice on the mm scattering lengths a8 and a% in the isopin channels
I =0 and I = 2, respectively. As can be seen from Egs. (94, 96), the I = 0 scattering length
carries information about 207y + 3905 — 203 +204. And from Egs. (95, 97) it follows that the
I = 2 counterpart carries information about the linear combination %Zl + %Eg — %53 — 20,.
Still, we prefer quoting the dimensionless products aéM7r (at the physical mass point) over
the aforementioned linear combinations to ease comparison with phenomenology.

The updated Tab. 25 summarizes the present lattice information on aéZOM7r and oz(I)ZQJ\/Lr
at the physical mass point, and the results are displayed in Fig. 18. We remind the reader
that a lattice computation of aé:OZM7r involves quark-loop disconnected contributions, which
tend to be very noisy and thus require large statistics. Compared to the situation in FLAG
19 the number of computations has increased from three to five, but still none of them is free
of red tags. The situation is somewhat better for a(l]:2M7r which is computed from quark-line
connected contributions only. In this case there is one computation at Ny = 2 and one at
Ny = 2+ 1+ 1 that qualifies for a FLAG average. We quote these numbers in subsection
5.2.4 below.

The available information on al="M, and a}=2M, is summarized in Fig. 18. It is obvious
that the former quantity (due to quark-loop disconnected contributions) is much harder to
calculate on the lattice than the latter one. Nonetheless, the good news is that in both cases
the lattice determinations are in reasonable agreement with EFT results.

5.2.4 LO and NLO SU(2) estimates and averages

As promised in an earlier section, here we list our FLAG 19 estimates and averages [3] that
all remain unchanged. We refer the reader to that review for details and explanations.

For the SU(2) LEC X, in the MS scheme, at the renormalization scale u = 2GeV, we
obtained the averages and/or estimate

Nyp=2+1+1: $/3 = 286(23) MeV Refs. [42, 43,
Np=2+1: »1/3 = 272(5) MeV Refs. [44, 46, 48, 49, 51, 89, (112)
Ny =2: »1/3 = 266(10) MeV Refs. [43, 59, 60, 66],

where the errors include both statistical and systematic uncertainties.
For the ratio of the pion decay constant at the physical point, Fj, to its value in the
SU(2) chiral limit (zero up- and down-quark mass but physical strange-quark mass), F', we
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Collaboration  Ref. Ny N & & & ad My 0
Fu 17 [106] 2+1 A . 0.217(9)(5) 45.6(7.6)(3.8)
Fu 13 [19] 2+1 A . . 0.214(4)(7) 43.2(3.5)(5.6)
Fu 11 [107] 2+1 A . . 0.186(2) 18.7(1.2)
Mai 19 [104] 2 P [ | [ ] 0.2132(9)
ETM 16C [21] 2 A . 0.198(9)(6) 30(8)(6)
Caprini 11 [16] 0.2198(46)(16)(64)
Colangelo 01 [7] 0.220(5)tot
Q
s & §
g 5 F
& I o o
I @ & $
s & 5 ¥
¥y & §F 8
O ~
y &£ & 5
Collaboration  Ref. Ny Q\\f & & S aiM, 2,
ETM 15E [20] 24141 A —0.0442(2)(5) 3.79(0.61)(T037)
PACS-CS 13 [30]  2+1 A . B —0.04243(22)(43)
Fu 13 [19]  2+1 A m . —0.04430(25)(40) 3.27(0.77)(1.12)
Fu 11 [107]  2+1 A m . —0.0416(2) 11.6(9)
NPLQCD 11A [108]  2+1 A = = —0.0417(07)(02)(16)
NPLQCD 07  [17]  2+1 A = m m —0.04330(42)s0t
NPLQCD 05  [109]  2+1 A = = m  —0.0426(06)(03)(18)
ETM 20B [105] 2 A . —0.0481(86)
Mai 19 [104] 2 P = . —0.0433(2)
Culver 19 [103] 2 P = . —0.0445(14)(19)
Yagi 11 [110] 2 P B m —0.04410(69)(18)
ETM 09G 18] 2 A —0.04385(28)(38) 4.65(0.85)(1.07)
CP-PACS 04 [111] 2 A m . —0.0413(29)
Caprini 11 [16) —0.0445(11)(4)(8)
Colangelo 01 [7] —0.0444(10) 0t
Table 25: Summary of w7 scattering data in the I = 0 (top) and I = 2 (bottom) channels.

Some of the results have been adapted to our sign convention. The results of Refs. [7, 16]

allow for a cross-check with phenomenology.
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Figure 18: Summary of the 77 scattering lengths aJ M, (top) and a2M, (bottom). Results
in Tab. 25 with statistical error only are not shown.
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obtained the averages and/or estimate

Ni=241+1: F./F =1.077(3) Refs. [76],
Ny=2+1: F./F = 1.062(7) Refs. [46, 48, 49, 78, 79], (113)
Nfp=2: F./F =1.073(15) Refs. [59, 60, 66, 67].

For SU(2) NLO LECs we obtained the averages and/or estimates

Ny=2+1+1: {3 = 3.53(26) Refs. [76],

Np=2+1: l3 = 3.07(64) Refs. [46, 48, 49, 78, 79], (114)
Np=2: {3 = 3.41(82) Refs. [60, 66, 67],

Ny=2+1+1: 0y = 4.73(10) Refs. [76],

Np=2+1: 04 = 4.02(45) Refs. [46, 48, 49, 78, 79], (115)
Np=2: {4 = 4.40(28) Refs. [60, 66, 67, 83],

as well as the estimate

Ny=2: lg = 15.1(1.2) Refs. [60, 67]. (116)
For the scattering length extracted from w7 scattering in the I = 2 channel we quote

Np=2+1+1: ag M, = —0.0441(4) Refs. [20],
Np=2: a3 M, = —0.04385(47) Refs. [18], (117)

where the errors include both statistical and systematic uncertainties. We remark that our
preprocessing procedure® symmetrizes the asymmetric errors with a slight adjustment of the
central value.

In all cases the references shown are the papers with the contributing results, and we ask
the readers to cite those papers when quoting these averages.

5.3 Extraction of SU(3) low-energy constants
5.3.1 New results for individual LO SU(3) LECs

We are unaware of any new paper that determines a large number of LECs in the SU(3)
framework (as was done, in the past, by the MILC collaboration). However, there is one paper,
xQCD 21 [37], with a new result on two SU(3) LECs at LO. They find Fy = 67.8(1.2)(3.2)
and Yo = 232.6(0.9)(2.7) in the 3-flavour chiral limit”. They also quote ¥/ = 1.40(2)(2)
which we consider iteresting for reasons detailed in Sec. 5.3.4.

These values are listed, together with those of FLAG 19, in Tab. 26. The paper has been
discussed and color coded in Sec. 5.2. As they are not published yet, there is no update to
the FLAG averages/estimates here.

5There are two naive procedures to symmetrize an asymmetric systematic error: (i) keep the central value
untouched and enlarge the smaller error, (ii) shift the central value by half of the difference between the two
original errors and enlarge/shrink both errors by the same amount. Our procedure (ii¢) is to average the
results of (i) and (i7). In other words a result c(s)(T%) with ¢ > u is changed into ¢+ (u — £) /4 with statistical
error s and a symmetric systematic error (u + 3¢)/4. The case £ < u is handled accordingly.

"We use ¥ = limm, my—0 (M, Ma, Ms, Me, ...), Lo = liMm, myms—0 2(Mu, Ma, Ms, M, ...), and likewise
for B, By, F and Fy. The quantities X, 3o, B, By are renormalized at the scale y = 2 GeV.
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Collaboration Ref. Ny J ¢ o % Fy [MeV] F/F, B/Bo
JLQCD/TWQCD 10A [50] 3 A = = = TI(3)(8)
xQCD 21 [37] 241 P 67.8(1.2)(3.2)
MILC 10 [79] 2+1 C 80.3(2.5)(5.4)
MILC 09A b4] 241 C 78.3(1.4)(2.9)  1.104(3)(41)  1.21(4)(*)
MILC 09 [55] 2+1 A L15(5)(T3)  1.15(16)(*33)
PACS-CS 08 [57] 2+1 A m = 838(6.4) 1.078(44) 1.089(15)
RBC/UKQCD 08 58] 241 A " 66.1(5.2) 1.229(59) 1.03(05)

s & &

S A S

% Q QO o S

s &£ & £ F
. S 4
§F & & 5§
S A &
9 & I 3 $
. S L S S & 1/3

Collaboration Ref. Ny ) O S < < 2y [MeV] ¥ /30
JLQCD/TWQCD 10A [50] 3 A = = " 214(6)(24) 1.31(13)(52)
xQCD 21 371 241 P 232.6(0.9)(2.7)  1.40(2)(2)
MILC 09A [54] 241 C 245(5)(4)(4) 1.48(9)(8)(10)
MILC 09 [55] 241 A 242(9)(F92)(4)  1.52(17) (%)
PACS-CS 08 57 2+1 A = " m 290(15) 1.245(10)
RBC/UKQCD 08 (58] 241 A = 1.55(21)

Table 26: Lattice results for the low-energy constants Fy, By and Z‘OEF[)?BO, which specify
the effective SU(3) Lagrangian at leading order. The ratios F'/Fy, B/By, ¥/%¢, which com-
pare these with their SU(2) counterparts, indicate the strength of the Zweig-rule violations
in these quantities (in the large-N, limit, they tend to unity). Numbers in slanted fonts are
calculated by us, from the information given in the references.
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5.3.2 New results for individual NLO SU(3) LECs

There are a number of new results on Ls, for instance in Refs. [35, 112, 113] to be discussed
below in the context of mK scattering. This is not so surprising, since Eqns. (102, 103,
104, 105) indicate that the observables a%M,r, a(l)M K, ag/ 2/¢7TK, a(l)/ 2,u7r K jointly determine the
combination Lgcat and Ly (both of which are conventionally quoted at the scale p = 770 MeV).
Determining any of these two LECs is afflicted with an extra uncertainty, compared to the
four scattering lengths, due to the convergence of the SU(3) chiral series®. Therefore we give
preference to reviewing the scattering lengths and converting, once they exist, the pertinent
FLAG averages into numerical values of Lgat and Ls, over collecting values of Lgcat and Ls
as converted by the individual collaborations.

On the other hand, there is no new result on those LECs at the NLO in the SU(3)
expansion which were covered in previous editions of FLAG (L4, Lg, Lo, L19).

5.3.3 Results for SU(3) linear combinations linked to 7K, KK scattering

Since K, KK scattering were not covered in previous editions of the FLAG report, we
list here all works which include such results. Following the example of the section on 7w
scattering, where all results were given in the dimensionless variable aéMW, we give the results
on K scattering in the form a{] i, where pg g is the pertinent reduced mass, and the results
on K K scattering are given in the form a[I)M k- We start with a brief mentioning of all papers
we are aware of.

The paper NPLQCD 06B [35] uses asqtad (staggered) sea quarks with Ny =241 at a
single lattice spacing (a = 0.125fm with L ~ 2.5fm) with M, = [290, 350,490, 600] MeV. The
domain-wall valence fermions come with quark masses such that the resulting pion masses
match the aforementioned Nambu-Goldstone boson masses. After chiral extrapolation they
find ay'* e = 0.1346(13) (115 and 0y *jerc = —0.0448(12)(*}2), with Ls pinned down at
a value extracted from the analysis of the quark mass dependence of fx /fr. The color coding
in Tab. 27 is based on My min(RMS) = 488 MeV.

The paper NPLQCD 07B [114] uses asqtad (staggered) sea quarks with Ny = 2 + 1
in conjunction with domain-wall valence quarks. They have two lattice spacings (a =
0.125fm, 0.09 fm) with somehat unequal span in quark masses. At a = 0.125fm they cover
M ~ 290, 350,490,590 MeV with L ~ 2.5fm. At a = 0.09fm they do not quote M, [MeV],
but from aM, = 0.1453 in Tab.IT and a ~ 0.09 fm one would conclude M, ~ 320 MeV. After
chiral extrapolation, they find aj My = —0.352(16)¢ot. The color coding in Tab. 27 is based
on My min(RMS) = 413 MeV.

The paper Fu 11A [112] employs one ensemble of Ny = 2 + 1 asqtad (staggered) quarks
at @ ~ 0.15fm, my/ms = 0.2, my ~ mE™® with L = 2.5fm. It uses six valence pion masses
M, = 334 — 466 MeV to study S-wave scattering. It quotes, after chiral extrapolation,
aé/Qlqu = 0.1425(29) and ag/Q,u,WK = —0.0394(15). The color coding in Tab. 27 is based on
M min(RMS) = 590 MeV.

We are also aware of Ref. [115] which is based on a single ensemble of Ny = 2 clover
quarks. Since it is away from the physical mass point and no extrapolation to the latter is
attempted, we feel it would be unfair (or misleading) to quote its results in Tab. 27.

80ne of the issues is whether the convergence in the LECs pertinent to a M, i.e., with two strange quarks
involved, is visibly slower than for ag/ Zpﬁ x and aé/ 2 Urk, where only one strange quark appears.
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Reference PACS-CS 13 [30] uses five ensembles of Ny = 2 + 1 nonpertubative clover
fermions with ¢ = 0.09fm, L = 2.9fm, and M, = 166,297,414,575,707 MeV. They quote, af-
ter extrapolation with YPT: a2 M, = —0.04243(22)(43) (see Tab. 25), aj Mg = —0.312(17)(31),

at? e = —0.0477(27)(20) and a/*prx = 0.150(16)(37) (listed in Tab. 27). These figures
reflect the final numbers quoted in the Erratum of Ref. [30]. The reason for the change is
the mishap reported in footnote 21; fortunately it turns out that it affected the final analysis
only very mildly. We thank the collaboration for keeping us up-to-date with all aspects of
the revision. Since there are no FLAG averages for scattering lengths for Ny = 2 + 1, these
small changes have no impact on the quoted FLAG averages.

The paper HS 14A [116] is based on Ny = 2+1 anisotropic clover fermions at as ~ 0.12 fm,
a; ~ 0.035 fm, with M, = 391 MeV in {163,203, 243} x 128 boxes, i.e. with L = 1.9,2.4,2.9 fm.
These parameters yield Mg = 549 MeV thus p,x = 228 MeV. They quote various resonance
parameters and, in the S-wave I = 3/2 channel, ag/2M7r = —0.278(15) which we convert to
ag/Q,qu = —0.161(9) at the given M,. Since this work does not extrapolate to MPYYS | e
stay away from color coding.

The paper ETM 17G [117] uses Ny = 2 4 1 + 1 twisted mass fermions at three lattice
spacings, a = 0.089,0.082,0.062 fm, with up to five M, = 230 — 450 MeV, and L(M; min) =~
2.8fm. In the I = 1 channel they find aj My = —0.385(16)( 1) (*2) (4). We take the liberty
to combine the various non-statistical errors in quadrature, using a(l)M K = —0.385(16)(:44)
as quoted in Tab. 27.

Reference [118] by R. Brett et al. uses one ensemble of Ny = 2 + 1 anisotropic clover
fermions with a, = 0.115fm, M, = 233MeV, in a 323 x 256 box, hence L = 3.7fm. These
parameters yield My = 494 MeV and thus pu,x = 158 MeV. Their result for I = 1/2 S-wave
scattering reads atl)/QM7r = —0.353(25), or a[l)/QuﬂK = —0.240(17) in our notation. Since this
work does not extrapolate to Mfr)hys, we stay away from color coding.

The paper ETM 18B [119] uses Ny = 2+ 1 + 1 twisted mass fermions at three lattice
spacings, a = 0.089,0.082,0.062 fm, with up to five pion masses M, = 230 — 450 MeV and
up to two volumes. From the tables, one finds My min = 276,302,311 MeV at the three

lattice spacings. They find, after chiral extrapolation, aé/ 2H7rK = 0.127(2)40t and ag/ zu,r K=
—0.0463(17)40t as quoted in Tab. 27.

An overview of all scattering lengths with at least one kaon involved is shown in Fig. 19.
As usual we refrain from displaying data with statistical error only.

In passing, we note that there is an additional paper by Z. Fu, Ref. [113], which deals

with KK scattering. It employs one ensemble of Ny = 2+ 1 asqtad (staggered) quarks at
a ~0.15 fm, my/my = 0.2, ms ~ mE™ with L = 2.5 fm together with six valence pion masses
M, = 334 — 466 MeV. Extrapolating to the physical point, the result for KK scattering in
the I = 1 state is a} My = 0.211(33). Hence the interaction for KK in the S-wave I = 1
state is found to be attractive, in agreement with LO yPT.
In summary, for the quantities a(l)/ 2,u7r K, ag/ 2 o and aéM Kk Refs. [117, 119] are the only
sources without red tags. Since they appeared in refereed journals and no other works qualify,
we take the results quoted in the top two lines of Tab. 27 as the current FLAG averages. For
the reader’s convenience we list them at the end of Sec. 5.3.5.

Last but not least we like to remind the reader that K K scattering might be outside the
validity of SU(3) xPT, since it involves a scale around 2Mg ~ 1 GeV. However, our review
focuses on the scattering length al My, where this issue does not feature prominently. But
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Figure 19: Summary of the 7K scattering lengths a(l)/ 2,U7rK (top), ag/ 2,u7rK (middle) and of
the KK scattering length ajM (bottom). Results in Tab. 27 with statistical error only are
not shown.
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Collaboration Ref. Ny <§ g & (OQ aé/Q,uTrK ag/QuﬂK a(l)MK
ETM 18B  [119] 2+1+1 A 0.127(2)t0t —0.0463(17) 101
ETM 17G  [117] 2+1+1 A —0.385(16) (1)
PACS-CS 13 [30] 2+1 A m = 0.150(16)(37) —0.0477(27)(20)  —0.312(17)(31)
Fu 11A [112] 241 A = = 0.1425(29) —0.0394(15)
NPLQCD 07B[114] 241 A m —0.352(16) 06
NPLQCD 06B [35] 2+1 A m = 0.1346(13)(*'5)  —0.0448(12)("}7)
Table 27: Summary of 7K scattering data in the I = %,% channels, and of KK scattering

with I = 1. Some of the results have been adapted to our sign convention.

it is a key topic in the subsequent conversion of such a scattering length to the low-energy
constants L;. We hope that forthcoming high-quality data will allow a future edition of FLAG
to address this topic.

5.3.4 Implication on Zweig rule violations

Let us spend a minute to explain why we consider the result on /%y of yQCD 21 [37]
particularly interesting. The reason is linked to the question of how close real-world QCD
with N, = 3 is to the large-N, limit of ’t Hooft (see also Ref. [120]). In the large-N, limit
the Zweig rule becomes exact, and the NLO LECs L4 and Lg tend to zero. As discussed in
FLAG 19, the available lattice data are consistent with the view that these two couplings
approximately satisfy the Zweig rule. Also the ratios F//Fy, B/By and ¥/%¢ (note that they
are linearly dependent, since Y = BF? and %y = BoF¢) test the validity of this rule.

The available data seem to confirm the paramagnetic inequalities of Ref. [121], which
require /¥y > 1 and F/Fy > 1. There is much less information concerning B/By, and
this is the point where the new result of xQCD 21 [37] comes in handy. Let us assume, for
the sake of an argument, F//Fy = 1.15(5)(5). Together with /¥, = 1.40(2)(2) [37], this
would imply B/By = 1.06(9)(9). This numerical example illustrates how much precision is
lost in forming the ratio (3/%0)/(F/Fp)?; with these numbers it would not be clear whether
B/Bj > 1. Therefore we plead with all collaborations to calculate the numbers F/Fy, B/By
and X /Y in their analysis framework to take advantage of correlations.

5.3.5 LO and NLO SU(3) estimates

For each of the SU(3) LO and NLO LECs discussed in the 2019 FLAG review [3] exactly one
paper contributed and hence constituted the FLAG average. The present status is that this
situation is unchanged. For the convenience of the reader, we list the results here but refer
to the 2019 FLAG review for the details and explanations.

The LO LECs in the SU(3) chiral limit (m,, mg4, ms — 0) are denoted by a subscript 0
to distinguish them from their SU(2) chiral limit counterparts. The parameters g, By are
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in the MS scheme at the renormalization scale u = 2 GeV. We quote

Np=2+1: 5% = 245(8) MeV Ref. [54], (118)
Nyp=2+1: 2/ = 1.48(16) Ref. [54], (119)
Nyp=2+1: Fo = 80.3(6.0) MeV Ref. [79), (120)
Nyp=2+1: F/Fy = 1.104(41) Ref. [54], (121)
Nyp=2+1: B/By = 1.21(7) Ref. [54], (122)

where the errors include both statistical and systematic uncertainties. The references shown
are the papers from which the results are taken.
For SU(3) NLO LECs we display the results for individual low-energy constants

Np=2+4+1+1: Ly = 40.09(34) x 1073 Ref. [122],
Ny=2+1: Ly = —0.02(56) x 10° Ref. [79], (123)
Ny=2+1+1: Ls = +1.19(25) x 1073 Ref. [122],
Np=2+1: Ls = 40.95(41) x 1073 Ref. [79], (124)
Np=2+4+1+1: Lg = 40.16(20) x 1073 Ref. [122],
Np=2+1: Lg = 4+0.01(34) x 107° Ref. [79], (125)
Ny=2+1+1: Lg = +0.55(15) x 1073 Ref. [122],
Ny=2+1: Lg = 40.43(28) x 1073 Ref. [79], (126)

at the chiral scale p = 770 MeV, where again all errors quoted are total errors. For details of
the symmetrization of asymmetric error bars see footnote 23.
For the scattering lengths involving at least one kaon

Ny=2+1+41: ag* e = 0.127(2) Ref. [119],  (127)
Np=241+1: ap i = —0.0463(17) Ref. [119],  (128)
Np=2+1+1: alMy = —0.388(20) Ref. [117],  (129)

represent the FLAG estimates with all errors added in quadrature. For details of the sym-
metrization of asymmetric error bars see footnote 23. Throughout we ask the reader to cite
the original references when using these values.
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